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Abstract— We study the convergence behavior of the
decentralized gradient-tracking algorithm SONATA for com-
posite optimization problems involving a smooth (possibly
nonconvex) component and a proper, convex, extended-
real-valued nonsmooth term. Assuming that the objective
satisfies the Kurdyka—tojasiewicz (KL) property with expo-
nent § € [0,1), we prove that the sequence generated by
SONATA converges to a stationary solution and character-
ize its convergence rate as a function of 6. In particular,
when 6 € (0,1/2], the convergence is R-linear; when ¢ <
(1/2,1), a sublinear rate is established; and when 6 = 0, the
iterates either converge in finitely many steps or converge
R-linearly. The obtained rates match the KL-based conver-
gence behavior of centralized proximal-gradient methods
for 6 € (0,1). Numerical experiments support the theoretical
results.

Index Terms—Decentralized optimization, gradient-
tracking algorithm, Kurdyka-Lojasiewicz, linear rate.

[. INTRODUCTION

HE paper studies nonconvex, nonsmooth optimization
problem over networks of the following form:

min u(z) == f(z) +r(z), (P)
where 1 &
i=1

with each f; : RY — R being the cost function of agent
i=1,...,m, assumed to be L;-smooth (possibly nonconvex)
and known only to agent i; r : R? — R U {—o0, +oo} is
a nonsmooth convex (extended-value) function, known to all
agents, which can be used to enforce shared constraints or
specific structures on the solution (e.g., sparsity). Agents are
connected through a communication network, modeled as a
fixed, undirected graph.

A vast range of applications belonging to the problem
class (P) possess some structural properties, notably in the
form of some growth property of u, which can be leveraged
to enhance convergence of decentralized solution methods. In
this paper we target the so-called Kurdyka-tojasiewicz (KL)
property, due to its vast range of applicability. The class of
functions satisfying the KL property is ubiquitous, ranging
from applications in optimization [1]-[7], machine learning
(logistic regression, LASSO, and the Principal Component
Analysis (PCA) are notorious examples), deep neural net-
work [8], dynamical systems, and partial differential equations;
see [9] and the references therein.

The KL property was originally introduced by Lojasiewicz
for real-analytic functions [10]. Kurdyka later extended this

framework to functions definable in o-minimal structures,
which generalize semialgebraic and subanalytic geometry [11].
Subsequently, Bolte er al. extended the KL inequality to
nonsmooth subanalytic functions [12].

In its simplest form [3], a continuously differentiable func-
tion f : R? — R is said to satisfy the KL property with
exponent § € [0,1) at a point z € R? (possibly critical) if
there exist constants ¢ > 0 and 6 € [0, 1) such that

IVf@)l| = elf(z) - f(@)° 2

for all z in a neighborhood of z. This inequality enforces a
lower bound on the gradient magnitude near z, and therefore
rules out arbitrarily flat behavior of f around Z. For the
nonsmooth counterpart, we refer the reader to Sec. II-A.

In the recent years, the KL property has been successfully
leveraged to enhance convergence of several solution methods
for nonconvex, nonsmooth, centralized optimization problems;
examples include inexact first-order methods [4], alternating
(proximal) minimization algorithms [3], and parallel meth-
ods [13]. In particular, under the KL, the entire sequence
is proved to converge to a stationary solution, unlike the
weaker subsequence convergence guaranteed otherwise. The
convergence rate is governed by the KL exponent 6 [2]-
[7], namely: linear convergence occurs when 6 € (0,1/2],
sublinear rate for § € (1/2,1); and finally, finite iteration
convergence for 6 = 0.

A natural open question is whether these favorable conver-
gence properties extend to decentralized algorithms. Existing
analyses of decentralized algorithms [14]-[18] applicable to
problem (P) have not exploited the KL property of u, resulting
in overly pessimistic convergence rate predictions compared
to centralized methods (see Sec. I-B for a detailed review of
the state of the art). For instance, when u in (P) is KL with
6 € (0,1/2], current decentralized analyses predict sublinear
convergence rather than the linear convergence observed in
centralized scenarios, contradicting numerical experiments.
Two examples are reported in Fig. 1, where the decentralized
algorithm SONATA [14] is applied to two nonconvex instances
of (P) over a network modeled as an Erdos-Renyi graph—the
LASSO problem with SCAD regularizer [7] (cf. Sec. 1I-A)
and the PCA problem. The objective functions of both prob-
lems satisfy the KL property with exponent 1/2. The figures
certify sequence linear convergence o for both problems. This
fact has no theoretical backing. This paper fills this gap.

A. Main contributions

Our technical contributions can be summarized as follow.
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Fig. 1. Distance of the agents’ iterates (%, ¢ € [m] ) from a stationary
solution (x*) of the PCA (left panel) and LASSO (right panel) problems,
defined as >7* ; ||=¥ — x*||2, versus the iterations v .

=1
e Convergence rate under the KL of u: We establish con-
vergence of the sequence generated by SONATA to stationary
solutions of (P), and characterize its convergence rate, for the
entire range of the KL exponent 6 € [0, 1) of u. Specifically,

i) When 6 € (0,1/2], the sequence generated by SONATA
converges R-linearly, requiring communication rounds to
reach an e-stationary solution on the order of

~( L 1
o (M 1_[)10g(1/€)) )
1

where L := - S, L, k is a parameter related with
the KL property of u (see Def. 1), and p represents the
network connectivity (see (6) for the formal definition).
The O notation hides log-dependencies on optimization
parameters.

ii) For 6 € (1/2,1), convergence of the sequence is sublin-
ear, with rate of the order

iii) When 6 = 0, the sequence either converges to a stationary
solution in a finite number of iterations or converges at
R-linear rate independent of «.

Notably, the rates in (i) and (ii) match those of the centralized
proximal gradient algorithm (up to universal constants).

e New convergence analysis: The above rate are certified in-
troducing a new line of analysis of independent interest, which
represents the technical contribution of this work. In fact, exist-
ing convergence analyses of decentralized algorithms, mostly
restricted to unconstrained, smooth instances of (P), either do
not exploit the KL property (if present) at all or postulate that
the Lyapunov function introduced to establish convergence is a
KL function. Unfortunately, the KL property of the Lyapunov
function or its exponent value do not transfer to the objective
function u of the optimization problem, and vice versa. This
is because the KL property is not closed with respect to
the operations used to build the Lyapunov function from the
objective function. Consequently, the challenge of establishing
convergence guarantees for decentralized algorithms under the
KL property of the objective function u—comparable to those
certified in centralized settings—remains unresolved.

Our new analysis resolves this issue, leveraging directly the
the KL property of the objective function u. First, we establish
asymptotic convergence of the objective function gap and
consensus and tracking errors, along the iterates produced by
the SONATA algorithm, through the monotonically decaying
trajectory of a newly introduced Lyapunov function. This
guarantees that, after a sufficiently large but finite number of

iterations—such that the function value gap falls below a critical
threshold-the KL property of u can be engaged. Consequently
convergence of the entire sequence to a critical point of w is
established, at enhanced convergence rate, fully aligned with
centralized guarantees.

B. Related works

Centralized setting: The KL property has been extensively
used in the convergence analysis of centralized optimization
methods. A pioneering work is [19], which appears to be the
first to exploit the KL property to prove convergence of iterate
sequences to stationary solutions for a broad class of algo-
rithms satisfying suitable descent-type conditions. However,
no convergence-rate characterization was provided therein.
Subsequent works [2]-[7], [13] established convergence rates
under KL assumptions for several important algorithmic
frameworks, including the proximal-gradient method [2],
alternating proximal minimization [3], the inexact Gauss—
Seidel method [4], proximal alternating linearized minimiza-
tion (PALM) [5], alternating forward—backward splitting [6],
and the parallel asynchronous scheme FLEXA [13]. More
recent studies [20]-[26] further broaden this line of research by
enlarging the class of admissible KL functions and relaxing the
algorithmic assumptions, while retaining strong convergence
guarantees. In particular, [20] extends the KL framework to
symmetric and strong KL variants, whereas [21]-[23] relax
standard algorithmic requirements by allowing, e.g., additive
errors in the relative-error condition [21] and nonmonotone
descent dynamics [22]. Notably, [23] accommodates both fea-
tures within a unified analysis. In [24]-[26], KL-based analysis
is utilized for different accelerated algorithms solving (P).

Decentralized setting: Decentralized algorithms for various
instances of Problem (P) have received significant attention
in recent years [14], [27]-[34]. Early works [27], [31]-[33]
focused on smooth objectives (i.e., r = 0), whereas [14],
[28]-[30], [34] extended the analysis to constrained and com-
posite formulations, typically under the assumption that the
objective (sub)gradients remain bounded along the iterates.
This restriction was later removed in [14], [34], and [14]
also provided convergence rate guarantees (including over
time-varying networks). None of the above works exploits
objective-growth properties (when available), such as the KL
property, to strengthen convergence guarantees. As a conse-
quence, the resulting guarantees are often pessimistic—e.g.,
asymptotic convergence only, or sublinear rates—in contrast
with the sharper results available in the centralized setting and
with the numerical behavior observed in Fig. 1 (Sec. I) and
Sec.V for decentralized problems.

Some works have explicitly leveraged growth conditions to
improve the convergence guarantees of decentralized meth-
ods for special instances of (P), including [15], [35]-[39].
In particular, linear convergence has been established un-
der the restricted secant condition [35], [36], the Polyak—
Lojasiewicz (PL) condition [37], and the Luo-Tseng error-
bound condition [15]. However, in the nonconvex setting, these
assumptions are stronger than the KL property with expo-
nent 1/2 [40]. Moreover, the corresponding proof techniques
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largely parallel those used under strong convexity, and thus are
not directly applicable to the setting considered in this paper.

On the other hand, while studies such as [38], [39] have
utilized the KL property in the convergence analysis of some
decentralized algorithms, they have not conclusively achieved
the desired outcomes. As discussed in Sec I-A , these works
postulate the KL property of specifically constructed Lyapunov
functions that meet the necessary conditions for convergence,
rather than of the original objective functions. The link be-
tween the KL property of the objective function and such
Lyapunov functions remains unclear, which leaves the question
addressed in this paper unresolved.

C. Notation and paper organization

Throughout the paper, we will use the following notation.
For any integer m, we write [m] := {1,2,--- ,m}. We use
the convention that 0° = 0. We denote by [¢; < (<)u < (<
Jea] == {z : a1 < (Qu(z) < (<)ea} the level set of the
function u at ¢ € R. We will use capital letters to represent
matrices. In particular, 1 denotes the vector of all ones (whose
dimensions are clear from the context); J := 117 /m is the
projection onto the consensus space. We use || - ||, to denote
the £,-norm of any input vector (|| - || will be the Euclidean
norm) whereas || - ||, represents the operator norm induced by
the ¢,-norm when the input is a matrix (with || - || being the
Frobenius norm). Several operators appear in the paper. Given
a proper, nonconvex function f, f(x) denotes the (limiting)
subdifferential of f at = [41, Def. 8.3(b)]. Given = € R¢ and
r: R = RU{—00,00}, prox,,(z) denotes the proximal
operator, defined as

. 1
proxg,(x) = argmlnyeRdr(y) + %Hx —y%.

The rest of the paper is organized as follows. Sec. II
introduces the problem formulation along with the underlying
assumptions. Sec. III presents the asymptotic convergence
analysis of SONATA, which is instrumental to engage the KL
property to enhance the convergence rate. Sec. IV contains
the main technical result of the paper: the convergence rate
analysis of SONATA under the KL property. Finally, some
numerical experiments are presented in Sec. V.

[I. PROBLEM SETUP AND BACKGROUND

We study the Problem (P) over a communication network.
Followings are standard assumptions on (P).

Assumption 1 (objective function).

() Each f; : RY — R is continuously differentiable, and
V fi is L;—Lipschitz, with L; < oo, define

Ly := max L;,
1€[m]

1 m
d L:=— L;; 3
an - ; )
(i) r: RY — RU{—00,00} is convex, proper and lower-
semicontinuous;
(iii) w:R% — R is lower bounded by some u € R.

The communication network of the agents is modeled as a
time-invariant undirected graph G := (V, &), with the vertex

set V := {1,...,m} and the edge set & := {(4,7)|i,7 € V}
representing the set of agents and the communication links,
respectively. Specifically, (¢,j) € £ if and only if there exists
a communication link between agent ¢ and j. We make the
blanket assumption that G is connected.

A. The KL property: definitions and illustrative examples

In this section, we formally introduce the KL property and
provide examples arising in several applications.

The general definition of the KL. can be found in [4]. Here
we focus on the class of functions that are sharp up to some
reparametrization, characterized through a so-called desingu-
larizing function, ¢ : R — R. Intuitively, ¢ reparametrizes
a singular region—where the gradients/subgradients may be-
come arbitrarily small-into a regular region—where the gra-
dients are bounded away from zero. A widely used choice is
#(s) := cs' =9, for some 6 € [0, 1) and ¢ > 0, which goes back
to [10]. The KL property associated with this desingularizing
function is stated next.

Definition 1 (KL property [7]). A proper closed function u
satisfies the KL property at T € domu with exponent 6 €
[0,1) if there exists a neighborhood E of T and constants
k,m € (0,00) such that

lgall = r(u(@) — u(2))’, @)

forall z € EN[u(@) <u<u(@) +n] and g, € Ou(x). We
say that u is a KL function with exponent 0 if it satisfies the
KL property at every T € dom Ou with the same exponent 0.

1) Some illustrative examples: We listed some motivating
examples of functions « in the form (P) that satisfies the KL
property, with specified exponent 6 € [0, 1).

(i) ¢1-sparse linear regression: Decentralized sparse linear
regression consists of estimating a s-sparse parameter z* € R?
given noisy linear measurements y = Ax* 4+ w. Each agent ¢
owns a subset (y;, A;) of the dataset, with y; € R™ and A; €
R4 such that y = [yy ...,y ]" and A= [A],... A]]T.
The decentralized LASSO estimation of z* is an instance
of (P), with f;(z) := (1/2)||Aiz — b;||* and 7(x) := A||z||1,
A > 0. The resulting loss « is KL with exponent § = 1/2 [7].

(ii) Sparse linear Regression with SCAD regularization: To
reduce bias in large coefficients typical of LASSO estimators,
the smoothly clipped absolute deviation (SCAD) penalty uses
a nonconvex regularizer expressible as a difference-of-convex
function-see [42] for the specific expression of r(x) and
r_(x). The decentralized estimation fits (P), with f;(z) :=
(1/2)]|Aiz — b;||> — r—(x) and r(z) := r(z). The objective
function satisfies the KL property with exponent 1/2 [7].

(iii) Logistic Regression: Logistic regression estimates a
parameter z* € R within a logistic model, where the log-odds
of an event a € R are modeled as the inner product between
the model parameter z* and the input features b. Specifically,
the log-odds of a are given by

Py (a)
1-P T* (a)
where P« (a) denotes the predicted probability of a € R,
depending on z*. Given the data samples (ay, b)Y, equally

log =—b'a*,
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distributed across the m agents, with each agent ¢ owning
the subset (a;;, bij)?:p the decentralized estimation of z* is
obtained by maximizing the log-likelihood of P, (with respect
to x). This formulation is an instance of Problem (P), with each
filz) == %Z;’:l log (1 + exp(ai;bj;z)) and r(x) = Az,
A > 0. The objective function is KL with exponent 1/2 [7].

(iv) Principal Component Analysis (PCA): The decentral-
ized PCA extracts the leading eigenvector from distributed data
sets {a;; }}_;, owned by each agent i, i =1,. , M. This task
is an instance of (P), with each f;(z) = i1 ||a”glc||2
and r(z) = ux(x). Here, K := {2 € R? : ||a:||2 < 1}, and
tic () denotes the indicator function of the convex set K (hence
convex). The objective function is KL with exponent 1/2 [43].

(v) Phase Retrieval: Decentralized phase retrieval estimates
a signal z* € R? from magnitude noisy measurements
yr = laja*| + wg, k € [N]. Bach agent i has local
measurements (y;;)’_, and vectors (a;;)7_;, fitting (P) with
filz) = 5= 320 (lajz| — yij)2 and r = 0. The objective
function u satlsﬁes the KL property with 6 = 1/2 [44].

(vi) Decentralized training of Neural Network: Decentral-
ized training of deep neural networks (DNNs) can be cast
as a composite optimization problem. Consider a feedforward
network with L hidden layers, where layer [ has d; neu-
rons, trained on samples {(z;,y;)}Y j=1, With z; € R% and
y; € Riz+1 Let W, € R4*di-1 and b € R% denote the
weight matrix and bias vector of layer /. Introducing auxiliary
variables a = {a;;} and u = {u;;}, the training of a
regularized neural network can be equivalently written as [45]

1

a,VH\}l,{ol,u U(a, W,b,u) ::{\Il(a7W,b)
N Lty
2.0 {QHWZGH j b=+l + O, (al,j)} },
j=11=1
where
N L+1
\Il(a,W,b) = Zw(WL+1aL,j+bL+l;‘Tj7yj)+z Tl(VVl)v
j=1 =1

¥ is a smooth convex loss, {r;} are convex (possibly nons-
mooth) regularizers, and ¢, is the indicator of a convex set
C; induced by the activation ¢; (e.g., C; = R‘f for ReLU).
By [8], VU is a KL function with exponent 0 € [0, 1).

B. The SONATA algorithm

Our study leverages the SONATA algorithm [14] to solve
Problem (P), which we briefly recall next.

Each agent ¢ maintains and updates iteratively a local copy
z; € R? of the global variable x, along with the auxiliary
variable y; € R? that represents the local estimate of V f. We
stack the iterates and tracking variables into matrices, namely:

X = [‘TlaIQW"?xYVL]T? Y= [y17y27"'7ym}—r
Accordingly, we define the pseudogradient
VE(X) = [Vfi(x1), Via(aa), - o Vm(zm)]

At iteration v, the matrices above will take on the iteration
index v as a superscript, reflecting the corresponding iterates.
The SONATA algorithm at iteration v, reads

X2 = prox,p(XY —aY?), (5a)
XV = X2, (5b)

YV =W (YY 4+ VF(X"T) = VF(X")). (50

with initialization 2§ € dom r and y? = Vfi(2?), i € [m].

Here, W = [w;;]["_; is the gossip matrix, satisfying Assump-
tion 2 below; a > 0 is an appropriate constant stepsize; and
the proximal operator prox is applied row-wise.

Assumption 2 (Gossip matrix). Given the graph G (assumed
to be connected), the mixing matrix W := (w;;){";_; satisfies
the following:
(1) wy >0, for all i € [m];
(i) wi; > 0 for all (i,7) € &, and w;; = 0 otherwise;
(iii) W is doubly stochastic, i.e., 1TW =17 and W1 = 1.
Define

Wiy 1= Zjnel[ax w;; and p:=||W — 11T/m||2 (6)

Assumption 2 is quite standard in the literature of decentral-
ized algorithms; several rules have been proposed to generate
such gossip matrices, see, e.g., [46]-[48].

Notice that, under Assumption 2, it holds p < 1. Fur-
thermore, since w;; # 0 only if (i,j) € &), the SONATA
algorithm (5) is fully decentralized, as all the communications
are performed only among neighboring agents.

We conclude this section introducing the following notation
compliant with the matrix/vector form of SONATA and used
in the forthcoming analyses: let

DY = xvt1/2 _ xv. (7)

and let the consensus and tracking errors in matrix form:
XJV_ = (I_ J)XV’ Xj’_+1/2 — (I _ J)Xl/+1/2’
YVi=(I=)YY, A= [Vf()),..., V)] =Y.

Finally, we define the lifted functions
m m
= Zu(mz) and R(X):= ZT(%)
i=1 i=1

1. ASYMPTOTIC CONVERGENCE

This section establishes asymptotic convergence of
SONATA for Problem (P). Unlike existing analyses
(e.g., [14]), whose Lyapunov functions are built on the
average of the agents’ iterates and therefore do not directly
enable the use of the KL property of the objective u, we
construct a Lyapunov function based on the sum of local
objective values, U(X) = >_.", u(x;). This choice allows us
to exploit the KL property of u directly.

The proof proceeds in two steps: i) establish an inexact
descent inequality for U(X"), with perturbation terms due to
consensus and tracking errors; and ii) combine such inequality
with the consensus/tracking dynamics of SONATA into a
single Lyapunov descent relation. Throughout this section,
Assumptions 1 and 2 are tacitly assumed.
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1) Step 1: inexact descent: The next result (a nonconvex
counterpart of Jensen’s inequality) is a key tool to control
U(X") along the local iterates rather than their average.

Lemma 1 {49, Thm. 1]). For any L-smooth function f : R¢ —
R, set of weights {w;}7™,, with w; > 0 and 2111 w; = 1,
and x; € RY, i =1,--- ,m, the following holds

f (Z wixi> <> wif (@) + g D wiwgllay -l
i=1 i=1 i=1j=1

The first result is the one-step descent estimate for U (X").

Lemma 2 (Inexact descent of U). For any & > 0, the SONATA
iterates satisfy

1 L
X<y xv)y— | =—-=-2 DY||? + —||AY|)?
UX"H) <U(XY) (a 5 )n I?+ 5||||
+ ALwn (| XY 12 + YT )1?). ®)

Proof. Applying Lemma 1 (row-wise) to the smooth compo-

nent of U(X) along X¥ — X"+ yields:
m
0 =3 S
=1 Jj=1
u+1 2 v
*Zf Z% )@
v+1/2
<23 wiela
i=1 j=1
term T
L v~ vH1/2 _ vH1/2)0
L33 e o)
i=1 k=1 I=1 .
m
I 2/ Zw” V+1/2
i=1

term IIT
)
The inequality (8) follows from (9) and the following bounds
of term I-term III:

1 L
term T<U(XY)~ (-~ % — HIDY+

1
7Al/2
= N

28
(10)
for any given £ > 0;

prox(z} — ayy )|

oy — )%

term II (E)Hprox(xz —ayy) —

<|lwy — i -

and term III <0. O

2) Step 2: Lyapunov function and its descent: We next com-
bine (8) with the consensus/tracking dynamics of SONATA.

First, using [17, Lemma 3.3], the tracking mismatch is
bounded as

IAY]Z < 2)YY|* + 4L3, | X1 1P, (11)

Substituting (11) into (8) yields

2
2Lr2nx V2 2
+ 4L7~Umx + € HXLH + 4mexa + 5 HYL”

12)

Moreover, adapting [17, Prop. 3.5] to the update (5a), the
consensus/tracking errors satisfy

XTI <pl XTI+ pll DI,

v v v v (13)
YT <pllY V|| + 20Line | XY || + pLunk || DY |-

To compactly represent the positive error terms in (12),
define

E = allYY[P + e X2 ety >0
Then (12) can be written as
1 L
UXx“thH) <uxv) - ( -5~ 5) | DY ||* + & £, (14)
«
where
. {4meX 212 1 4L w0 }
¢1 := max + , — +—— .
2 2§ af c1

Using (13), one obtains the following recursion for £:

gl/—i-l SPQ max {3,2 + 6Z;L12nx} gv

(15)
+ (30 Liwer +2p°c2)|| DV |12,
A convenient choice is ¢; = 2 and ¢ = 4L2_, which
minimizes the contraction factor in (15) and gives
N 1
1 = i —i—max{L2 Wiy, 2L wmx}. (16)

We can now combine (14) and (15) into a single Lyapunov
descent inequality.

Proposition 1 (Lyapunov descent). Define

LY =U(X")+~E, (17)
where v > 0. Then
LV < LY — &||DY||? — &€, (18)
with L L¢
fpi=—— = — 2 — 1412 19
G=_——5 VP (19)
and
¢ = (1— 5p2)7 — 1. (20)

We are now ready to state the asymptotic convergence result.

Theorem 1. Consider Problem (P) under Assumption I.
Let {X"},cn be the sequence generated by the SONATA
algorithm (5a)-(5c), under Assumption 2. Suppose
ip< 1/\/5, and
(ii) the free parameters a,y,& > 0 are chosen such that
1/(26) + L/ Ly,
1—5p2

)
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_ 1 (1—5p2)y —1/(2¢) | A. Sequence convergence
o < min s . . . .
L/24&/2+ 14L2 ~p? 2wy We show that {X”} has finite length, which implies that

Then, as v — oo,
DN, I XLHL 1YYl [[AY]] =0,

and
U(XY), UX"TH2) = £,

for some L= € R. Furthermore, every accumulation point
X of {X"},en is of the form X>° = 1(x*) T, with x* being
a stationary solution of (P).

Proof. Under (i)-(ii), one has ¢ > 0 and ¢3 > 0 in
Proposition 1. Hence, by (18), {£"} is nonincreasing. By
Assumption 1, £¥ is bounded below; therefore, LV — L €
R. Summing (18) over v, yields summability of {||D”||*} and
{€”). hence | D*|, XY, [Y7]| = 0. Then A = 0
follows from (11). Since v€¥ — 0, from (17) and LY — L
we obtain U(X") — L.

Next, the same decomposition used in the proof of Lemma 2
yields a reverse estimate of the form

UX"T2) > UXY) — C(IIXY 1P + o? YY),

for some constant C' > 0, which used in conjunction with (8)
and | XY, |YY| — 0, yield |U(XY*FY/2) — U(XV*1)| — 0.
Because U(X"*1) — £, we conclude U (X" 1/2) — £,

Let X be an accumulation point of {X"}, ey, such
that limy 0o X¥* = X°°, where {vx}; C N is a suitable
subsequence. It must be

X = 1(x*)T, for some z* € R%. 2D

Further, using again {v}, }; without loss of generality (w.l.0.g),
we have
Y= lim Y = 1V f(z*)7,

k—o0
lim X"*+/2 2 lim X" 4 D" = X,
k—o0 k—o0
Invoking the continuity of the prox operator, we deduce
X% = lim X" H/2 2 Jip pProx,r(X" —a¥"*)
k— o0 k—o00
* *\) |
:proxaR(l("Z7 )T —a-l (Vf(fE )) )7
which, together with (21), implies 0 € du(z*). Therefore x*
is a stationary point of u in (P). O

The next section establishes sequence convergence along
with a convergence rate, under the KL property of w.

IV. CONVERGENCE RATE UNDER THE KL PROPERTY

Through the section, we postulate the setting of Theorem 1

and the KL property of u at its stationary points.
Since £V — L£°°, it is convenient to introduce the Lyapunov
gap ALY := LY — L°°, and rewrite (18) as
(T%)* < ALY — ALY, (22)

where
TV =/ 62||DV||2 + 6351’.

By Theorem 1, 7% — 0 and ALY — 0 as v — o©.

{X"} is Cauchy and hence convergent.
By (5) and the non-expansiveness of the proximal operator,

IX¥* = XY < esT,

. W — 11 2w
3 1= max = s = .
QCgL?nX C2

Hence, it suffices to prove the summability of {7"}.
Using (22) and the inequality (Lemma 8 in Appendix D)

1

(23)

where

1-60 bl—G),

_p< 0
a bi1 ea(a

with a = ALY and b = ALY, we obtain

(Ty)2 §#<A£V)9 [(A£V)1—9 _ (AL‘V—H)l_Q} )

1-6 (24)

ALY

The key difficulty is that AL" does not inherit the KL property
of u. We therefore exploit the KL property directly on u
through the intermediate iterates X v+1/2  and then transfer

the estimate back to AL”. Specifically, from (9) and (15),
A£V+1SU(XD+1/2) _ [o© + E4<T”)27 (25)

where

14vp? L2 5yp? +é — 1
Cy = max{ ’Ye X P +~cl /5} . (26)
Co C3

The next proposition gives the required KL control of
U(Xu+1/2) — Lo,

Proposition 2. Inherit the setting of Theorem 1. Let X*° =
1(z*) " be an accumulation point of { X"}, where x* is some
critical point of u. Further assume that u satisfies the KL
property at x*, with exponent 0 € [0, 1) and parameters k,1 €
(0,00). Then, there exists a neighborhood N of X*° and
vy > 0 such that

(i) the set

V= {I/Zyl C XVt ENOO} £ ;
(ii) for every v €V,
UXVTY2) £ <1, 0<é&TY <1,
and, for 6 € (0,1),

U(XVH2) — 2 < 5=b (65T7)7

where
3(L2+ &
¢5 = max {mefé, 1} - | max {(~°‘2), E))} 27
C2 C3
Proof. See Appendix B. O

Combining Proposition 2 with (25) yields the following.

Corollary 1 (Local KL transfer to ALY). In the setting of
Proposition 2, and for v € V, the following hold:



CHEN et al.: ENHANCING CONVERGENCE OF DECENTRALIZED GRADIENT TRACKING UNDER THE KL PROPERTY 7

@) If 6 € (0, %], then
ALY < &(T7)?, (28)
with
&6 = (5§/m + 54) ,

and ¢4 and ¢s5 given in (26) and (27), respectively;
(i) If 0 € (3,1), then

(29)

ALY < & (T, (30)

with
57 = ((55/:‘6)% +54) s
(iii) If 0 = O, then either:
(a) there exists vy such that ALYTY < &,(T")?, for any
veV,v>uv, or

(b) there exists v such that T =0, forany v €V, ,
v > vh.

€29

Proof. See Appendix C O

Using the relation (22) and Corollary 1, the next result
establishes summability of {7} on consecutive blocks in V.

Proposition 3 (Block summability on V). Assume the setting
of Corollary 1, and w.l.o.g. |V| = oo. Then there exists an
index vy > 0 such that: for any integers vq4 > v3 > vy with
{vs,v3 +1,...,v4 — 1} C V, the following holds for any
6 €10,1):

va—1 vy
Y7 < max{ﬁ(i, 9T + zcﬁ(M'fs)l—"} . (32)

vV=vs3

where ¢ := \/c4, c6 := (2 — 20)~1é;, and T = \/ 1if356.

Proof. We bound the RHS of (22) for different values of 6.

(i) Let & € (0,1/2]. Chaining (28) and (22), specifically
(22) + w x (28), with a sufficiently small constant w > 0, we
obtain

(14 w) AL < ALY — (1 — wég) (TY)?,

Vv evV.

Choosing 0 < w < 1/é ensures contraction of ALY:

A,CV+1 <

1 1 v+1
—— ALV <y () , YreV, (33
+w 1+w

and some c4 > 0. To optimize the contraction factor, we set
w = 1/¢. Using (33) in (22) yields

1

TV <ecs(r)?, VYveV, with 7=4/—— ¢5=+/cs >0.
1+w
(34)
(ii) Let 6 € (1/2,1). Using (30) in (24) yields
1
TV <577+ ALY, Vv e, 35)

where cg = (2 — 26)71é; > 0.
Choose 1 large enough so that the corresponding case-

dependent recursion is valid for all v € V' with v > vg (i.e.,
(34)if 8 € (0,1/2]; (35) if 8 € (1/2,1); and for 6 = 0, cases

(a) and (b) in Corollary 1(iii) hold). If § € (0,1/2], summing

(34) over v = v3,...,vq — 1 yields
va—1 o
cs(T)73
PREATED PR e
V=Vrs3 V=Vrs3

If 0 € (1/2,1), summing (35) from v = v3 to vg — 1 gives

1/4—1
TV < 2T 4 2c6(AL)

v=v3

If = 0, either 7" vanishes after finitely many indices or (28)
holds Combining the cases yields (32). [

To complete the proof—the finite length property of { X" }—it
is sufficient to show that the iterates eventually remain in Ny,
(equivalently, v € V for all sufficiently large v). This allows
us to extend the summability of {7} on V (Proposition 3)
to all indices v sufficiently large, and therefore concluding by
(23) the convergence of {X"}. Finally, since DY — 0, also
X2 = XV 4+ D¥ — X,

Pick 7 > 0 such that

Bor(X%) i= {X € R™™ ;| X — X < 2r} C N,

Using DY — 0 (Theorem 1) and the fact that X°° is an
accumulation point of {X*} (and V is infinite, without loss
of generality), we can pick such vz > max{we, v}, v3 € V
so that

ID" <50 Wrzws, X2 X% < and
vs
e max{ci(i)T 2T + 206(A£”3)1"} < g (36)

where c3 is the constant in (23).
Hence,

||)(V3 —XOOH < 27 and thus X" € BT(XOO)‘

We prove next by contradiction that, for any v > v3, X¥ €
B (X>°) C N. Assume the contrary: there exists vy > v3
(the smallest such index) with || X4 — X°°|| > 7. Then || X —
X®|| < r for all v3 < v < vj. By (36), for all such v,

| XV T2 — X0 < | XY = X°°|| +||D¥|| < +r/4 < 2r,
hence XV*+1/2 € By, (X*°) C N, i.e., v € V. Therefore,

{vs,vs +1,...,v4 — 1} C V, and Proposition 3 applies
replacing v4 = vj. Using (23) and (32), we obtain
Uéfl
X7 = X < X7 = X0+ Y0 X - X7
v=v3
ué—l
r v
v=v3g
V3
< g + ¢3 max { ?T , 2T 4+ 206(A£”3)1_9} <,
—T

where the last inequality follows from (36). This contradicts
X7 — X > 7.

Since 7 > 0 can be arbitrarily small, we conclude that
{X"¥}, as well as {X“+1/2}, converge to X .
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B. Convergence rate analysis

Since X” — X = 1(z*)", we can bound the distance to
the limit by the tail length: for any # sufficiently large,

X7 =X <Y X XY <8 =3 > TV, 37)

where c3 > 0 is as in (23). The next theorem summarize the
rates for S (hence for || X” — X°°||) depending on 6.

Theorem 2. Consider Problem (P) under Assumption 1.
Let {X"},en be the sequence generated by the SONATA
algorithm under Assumption 2 and the tuning of o and vy as in
Theorem 1, with ¢ = L therein. Further suppose p < 1/+/5.

Then, if the sequence {X"} has an accumulation point
X_it must be X = 1(z*)", for some critical point x*
of u—and u satisfies the KL property at x* with exponent
0 € [0,1) and coefficient k, then X = 1(z*)" is unique.
Further, the following convergence rates hold:

() If0 € (1/2,1), for all v € N4 and some ¢ > 0,

IX" = 1(z*)T|| < v~ 3T,

(i) If 0 € (0,1/2), then for all v € N and some ¢’ > 0,

. 1 v/2
X" = 1(") nsa(1+w) .68
where
L P> Lh,
CL)_O(fﬁl/g_'_l—f)pQ L2 )’

(iii) If @ = 0, then either {X"} converges to 1(x*)" in a
finite number of steps or there exists ¢’ > 0 such that
for all v € N4,

v/2
> ; (39)

v *\ T
-1 < (o

2 L2
/ — O p mx .
v=o( )
Proof. (i) 0 € (1/2,1) (sublinear). Using the definition of $

in (37) along with (24), yields: for all v sufficiently large,

> 4 00
SY <es Z §ﬁ_1 + c3¢6 Z Aﬁé
t=v

t=v

where

S%SV71 +0366(Aﬁy)179 (40)

(

301 o e
< 551/71 + 0366(07)1 0 (7-1/ 1) 0
Since S¥~!1 —S¥ = ¢3T¥ ™1, the above inequality implies that,
for v large enough,

(8)™7 < /(S - 8Y), (41)

for some constant C’ > 0. By Lemma 10 (see Appendix D)
and (41), there exists ¢ > 0 such that

IX" = 1(2*) 7| < 8% < cv T,

for large v. Therefore (possibly enlarging c) the bound holds
for all v > 1.

(ii) 6 € (0,1/2] (R-linear). For v large enough, (34) holds
with 7 € (0,1). Then (37) yields

C3Cs

IX"=1@) T <8 < ey es(r)' =

t=v

Adjusting the constant to cover the finite prefix gives the
desired expression (38).

(iii) &6 = O (finite termination or R-linear). If Corol-
lary 1(iii)(b) holds, then X" reaches 1(z*) " in finitely many
steps. Otherwise, Corollary 1(iii)(a) holds and the same argu-
ment as in (ii) yields (39). O]

Next we provide the iteration complexity of the SONATA
algorithm (5) under the KL property with € (0,1/2].

Corollary 2. Instate the setting of Theorem 2, with in partic-
ular 6 € (0,1/2], and additionally

1 1 L
<ming —, ——/—m— - — . 42
p mm{\/g /22w 1 26 me} (42)
Then, the number of iterations needed for {X"} to reach an
e-stationary solution of (P) is given by

0 (=7 o(1/9)).

where k € (0,00) is the KL coefficient of u at z*.

C. Discussion

Theorem 2 provides a complete characterization of the
convergence behavior of the sequence {X"} generated by
SONATA under the KL property of u. The resulting rates
match the KL-based convergence behavior of centralized
proximal-gradient methods [2], while filling a gap in the
decentralized optimization literature, where analogous guar-
antees for gradient-tracking schemes under KL-type growth
were not available. The following remarks are in order.

e On the condition on p: The requirements p < 1/v/5
(Theorem 1) and (42) (Corollary 2) are connectivity conditions
on the communication network, quantified by p = ||W —
11" /m||. Such assumptions are standard in decentralized op-
timization and reflect the need for consensus/tracking errors to
contract sufficiently fast relative to the descent in the objective-
driven component (cf. the Lyapunov descent argument); see,
e.g., [14], [50]. When the graph is fixed and the condition is
not met a priori, it can be enforced by performing multiple
communication rounds per gradient/proximal evaluation, ef-
fectively replacing W by a more contractive mixing operator.
With plain repeated gossip (using the same W at each round),
the resulting overhead is of order O((1 — p)~'). This can be
reduced to O((1 — p)~'/2) using accelerated consensus based
on Chebyshev or Jacobi polynomials [47], [48], [51], where
O hides logarithmic factors.

A further conceptual point is worth emphasizing: sev-
eral primal-dual decentralized frameworks admit network-
independent stepsize conditions, e.g., [52]-[55], but the result-
ing complexity bounds typically depend on local conditioning

Vv large.
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(e.g., through Ly .« and pmin) and/or stronger structural as-
sumptions. In contrast, our analysis targets convergence guar-
antees with dependence aligned with the centralized condition-
ing of the aggregate objective, which requires quantitatively
controlling how fast consensus/tracking errors decay; this is
precisely where explicit connectivity requirements such as
bounds on p naturally enter.

e On the linear convergence and total communication
complexity: For § € (0,1/2], Theorem 2 yields an R-linear
rate in iterations. If one enforces the connectivity condition
via O((1—p)~') communication rounds per gradient/proximal
evaluation, then for arbitrary p < 1 the total number of
communications required to reach an e-stationary solution
of (P) scales as

(L 1 1
—_—~ log(-)).
o (e (7))

Here, O hides logarithm dependence on L, Ly, x and 6.

In the special case where f in (P) is p-strongly convex, u
satisfies the KL property with § = 1/2 and x = ,/u; thus
L/kY? = L/p, recovering the classical condition-number
dependence reported for SONATA-type methods in strongly
convex settings [14].

e On the finite termination when 6 = 0: Unlike centralized
proximal-gradient methods, finite termination when # = 0 may
fail in decentralized settings due to perturbations induced by
consensus/tracking errors. Nevertheless, our analysis identifies
verifiable conditions under which finite-time convergence oc-
curs. In particular, finite termination is guaranteed if either:

(i) there exists a subsequence of {U(X”*1/2)} such that
U(Xv+1/2) — £ > 0 along that subsequence (which,
in particular, holds when the limit point z* is a local
minimizer of u); or

(ii) w satisfies a slightly stronger variant of the KL property
at =* (see Definition 2 in Appendix A).

Condition (i) is consistent with common nonconvex landscapes
in machine learning where first-order methods typically avoid
strict saddles and converge to local minima under mild as-
sumptions; see, e.g., [39], [56]-[58] and references therein.
Condition (ii) is satisfied by a broad class of objectives; in
particular, it holds for the examples discussed in Section II-
A.1, and the associated exponent coincides with that of the
standard KL property (see Appendix A).

e On the existence of accumulation points: Theorem 2
assumes the existence of an accumulation point of { X" }. This
is standard in KL-based analyses because the KL property is
local and can be invoked only in a neighborhood of a limit
point. For general nonconvex problems, existence of accumu-
lation points cannot be guaranteed even in centralized opti-
mization without additional assumptions (e.g., boundedness of
level sets or boundedness of the iterates). Our assumption is
weaker than many commonly used sufficient conditions in the
literature [3], [4], [13] and is not restrictive, e.g., in the ap-
plications considered in Section II-A.1: for instance, coercive
objectives ensure bounded level sets (hence bounded iterates
and accumulation points), while in constrained formulations
boundedness follows from compact feasible sets.

—SONATA
| ~PG-EXTRA

=NIDS
-PProx-PDA
0 500 10‘00 15‘00 2(;00 25‘00 30‘00 35‘00 4000 45‘00 5000
Number of iterations

Fig. 2. Decentralized PCA: Distance of the iterates from a stationary
solution vs. iterations.

V. NUMERICAL RESULTS

In this section, we present numerical experiments supporting
our theoretical findings. All tests are performed over undi-
rected networks with m = 20 agents; the communication
graph is generated according to the Erd6s—Rényi model with
edge probability 0.5. The gossip matrix W used by all decen-
tralized methods is constructed via the Metropolis—Hastings
rule [47]. We benchmark SONATA against PG-EXTRA [59],
NIDS [60], and PProx-PDA [61]. All methods are initialized
at the same random point; algorithmic parameters are selected
via grid search to obtain the best empirical performance.

A. Decentralized PCA

Consider the decentralized PCA problem, as described in
Sec. II-A.1(iv). Each agent ¢ holds a local data matrix A; =
(a;) € R?0*80, whose rows aj;, j = 1,...,20, are iid.
samples from N'(0, X). The covariance matrix X is generated
as follows: we form an orthogonal matrix U by drawing a
square matrix with i.i.d. standard normal entries and extracting
its orthonormal factor via QR decomposition; the eigenvalues
diag(A) are drawn i.i.d. uniformly in [0,1], and ¥ = UAU ".

Figure 2 reports log;, | X¥ — 1(2*) || versus v, where z*
denotes the (common) limit point reached by all methods.
The plot highlights the linear convergence of SONATA and
its favorable performance relative to the competing schemes.
We also remark that, unlike for SONATA, linear convergence
guarantees are not available for PG-EXTRA, NIDS, and
PProx-PDA in this nonconvex setting.

B. Sparse linear regression with ¢, regularization

We consider the decentralized LASSO problem in Sec. II-
A.1(i). The ground-truth vector x* € R3% is generated by
drawing z ~ N(0, I350) and setting to zero the smallest
70% (in magnitude) of its entries. Each agent observes y; =
A;x* + w;, where A; € R?0%3%0 has iid. AV(0,1) entries
with rows normalized to unit norm, and w; ~ AN(0,0.117).
The regularization parameter is A = 0.5.

Figure 3 shows log;o || X” — 1(z*)"| versus v. The ob-
served linear rate is consistent with our theory since the
LASSO objective is KL with exponent § = 1/2. Comparable
linear-rate guarantees are not available for the other decentral-
ized baselines in this setting.
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Number of iterations
Fig. 3. LASSO with £; regularization: distance of the iterates from a

solution vs. iterations.
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Fig. 4. Sparse linear regression with SCAD regularization: Distance

from stationarity vs. iterations.

C. SCAD regularized distributed least squares

We next consider the SCAD-regularized sparse regression
problem in Sec. II-A.1(ii). The ground-truth z* € R6% ig
generated as in Sec. V-B (Gaussian draw followed by 70%
sparsification). Each agent collects y; = A;x* 4+ w;, where
A; € R?%600 hag jjd. N(0,1) entries (with row normal-
ization) and w; ~ AN(0,0.011). We set the ¢; parameter
A = 0.2 and the SCAD parameter a = 3.7. Figure 4 reports
logq || X” — 1(x*) T|| versus v. All methods converge to the
same stationary point, and the empirical behavior is consistent
with the KL-based linear-rate regime 6 = 1/2.

D. Neural network with ¢, regularization

Finally, we consider the neural-network example in Sec. II-
A.1(vi). We train two-layer convolutional model (L = 1) on
MNIST (N = 60000, dy = 784, dr+1 = 10). The network
consists of one 3 x 3 convolutional layer with 16 feature maps
followed by a fully connected layer with parameters W €
R10x10816  and b; € R0, using ReLU activations (function
¢1). We adopt the cross-entropy loss and ¢; regularization
r(W;) = M|Wi||1 with A\ = 10~%. Figure 5 plots the global
average loss versus v. SONATA and PProx-PDA exhibit the
expected sublinear behavior, in line with their theoretical
guarantees. While PG-EXTRA also decreases the objective in
this experiment, theoretical convergence guarantees for NIDS
and PG-EXTRA are not available in this nonconvex setting.

2 —— SONATA

I PG-EXTRA
o —— NIDS

I/S\l —o— PProx-PDA
~IE

0 100 200 300 400 500
Numer of iterations

Fig. 5. Neural network with £1 regularization: Average loss vs. iterations

VI. CONCLUDING REMARKS

We provided a new line of analysis for the rate of con-
vergence of the SONATA algorithm, to solve Problem (P),
under the KL property of u. The established convergence
rates match those obtained in the centralized scenario by the
centralized proximal gradient algorithm, for different values of
the exponent 6 € (0,1). When 6 = 0, finite time convergence
of the sequence (as for the proximal gradient algorithm in
the centralized case) cannot always be guarantees, due to the
perturbation induced by consensus errors. In such cases we
still identified sufficient conditions under which the SONATA
algorithm matches the behavior of the centralized proximal
gradient. A future direction to address this issue would be
devising decentralized designs that escape local maxima.

APPENDIX
A. A Stronger version of the KL

This appendix introduces a stronger version of KL prop-
erty than Definition 1, which allows SONATA to match the
convergence rate results of the centralized proximal gradient,
when the KL exponent of u (according to Definition 2) is zero.
Specifically, we have the following.

Definition 2. (A stronger version of the KL property)[23] A
proper closed function u satisfies the KL property at & € domu
with exponent 0 € [0,1) if there exists a neighborhood E of
Z and numbers k,n € (0,00) such that

gzl > lu(z) —u(@)|’,

forallz € EN[uw(Z) —n <u<u(Z)+n| and g, € du(x).
We call the function w a KL function with exponent 0 if it
satisfies the KL property at any point T € domOu with the
same exponent 6.

(43)

The relationship with the original KL property in Defini-
tion 1 follows readily.

Remark 1. If a function u is proper and closed. Then u
satisfies KL property (Def. 2) at & € domOu with exponent
0 € [0,1) if and only if both u and —u satisfy the original
KL property (Def. 1) at T with some exponents 61,02 € [0,1)
respectively, where § = max{6,,05}.
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Several functions satisfy such a KL property.

Proposition 4. Let u be a proper and closed sub-analytic
function with closed domain. Then, u satisfies the KL property
(Def. 2) at every T € domQu with some exponent § = 0(T) €
[0, 1).

Proof. By in [12, Th. 3.1], both v and —u satisfy the original
KL property (Def. 1) at each z € domdu witha 6 € [0,1). O

Furthermore, such a stronger version of the KL inherits most
of the desirable properties of that in Definition 1, including
exponent-preserving rules such as composition rule [7, Thm
3.2], minimum rule [7, Thm 3.1] and rule of separable sums[7,
Thm 3.3]. To be concrete, with the help of several intermediate
properties (Lemma 3, 4, 5) proved below, we provide next two
classes of functions satisfying Definition 2 with exponent § =
1/2 (see Theorem 3 and Theorem 4 below). This also shows
that all the illustrative examples discussed in Sec. II-A.1 satisty
Definition 2 with the same exponents 6 as in Definition 1 (see
Remark 2). Unless otherwise specified, in the following when
calling the KL property (or a KL function), we refer to the
stronger Definition 2.

Lemma 3. Suppose u is a proper closed function, ¥ € dom
Ou and T is not a stationary point (0 ¢ Ou(z)). Then for any
0 € [0,1), u satisfies the KL property at T with exponent 0.

Proof. See Lemma 2.1 in [7] with a minor variation. O

Definition 3 (Luo-Tseng Error Bound). [7, Def 2.1] Consider
Problem (P). Let X be the set of stationary points of u.
Suppose X # (). We say that the Luo-Tseng error bound holds
if for any ¢ > inf u, there exists c1,€; > 0 such that whenever
lprox,(xr — Vf(x)) — x| < €1 and u(zx) < ¢,

dist(z, X) < ¢1||prox,(x — Vf(x)) — x|

Lemma 4 (Luo-Tseng error bound implies KL). Consider the
problem (P) under Assumption 1. Suppose that the set X of
stationary points of Problem (P) is nonempty and for any x* €
X, there exists § > 0 such that u(x) = u(z*) whenever x € X
and ||x — x*|| <. If the Luo-Tseng error bound holds for u,
then w is a KL function with exponent = 1/2.

Proof. 1t follows similar proof of [7, Th. 4.1]. ]

Lemma 5 (Exponent of the minimum of finitely many KL
functions). Let u;, 1 < i < 1, be proper closed function
with domu; = dom Ou; for all i, and v := min;<;<, u; be
continuous on domdu. Suppose further that each u; is a KL
Sunction with exponent 6; € [0,1) for 1 < i < r. Then u is
also a KL function with exponent = max{6; : 1 <i <r}.

Proof. The proof follows similar steps as in [7, Cor. 3.1]. [
We are ready to state the two major results of this section.

Theorem 3 (Convex problems with convex piecewise lin-
ear-quadratic regularizers). Suppose u is a proper closed

function taking the form
u(z) = i l(Az) + ri(z),

ul(w)

where A € R™ " and r;’s are proper closed polyhedral
Sfunctions, and | satisfies either one of the following conditions:
o [l is a proper closed convex function with an open domain,
and is strongly convex on any compact convex subset of
doml and is twice continuously differentiable on doml;
o l(y) = max,ep {(y, 2) — q(2)} for all y € R™, with D
being a polyhedron and q being a strongly convex differ-
entiable function with a Lipschitz continuous gradient.
Suppose in addition that u is continuous on dom Ou, then u
is a KL function with exponent 1/2.

Proof. Following the analysis in [7, Cor. 5.1], one can show
that, for each ¢, u; satisfies all the assumptions in Proposi-
tion 4, and domu; = dom Qu;. The proof follows then by
Proposition 3 (for the case argmin u; = (), Lemma 4 and
Lemma 5. O

Theorem 4 (nonconvex minimum-of-quadratic regularizers).
Consider the following class of functions

u(z) = min {;xTAix—Fb;rCE-FﬂrFTi(if)}’

1<i<r

where r; are proper closed polyhedral functions, A; € R™*"
is symmetric, b; € R" and f; € R fori=1,--- 1. Suppose,
in addition, that u is continuous on dom Ou. Then u is a KL
Sfunction with exponent 1/2.

Proof. Following the analysis in [7, Cor. 5.2], we have that,
for each i, u;(z) satisfies all assumptions in Proposition 4
and domu; = domdu;. Then, the proof follows combining
Proposition 3 (for the case argmin u; = @), 4 with Lemma 5.

O

Remark 2. If one adopts the symmetric KL property in
Definition 2, then the KL exponents reported in Sec. II-A.1
remain valid at the limit points considered in our analysis;
cf. Remark 1. In particular, examples (i)—(v) retain exponent
1/2, while example (vi) admits some exponent 6 € [0, 1) under
Proposition 4.

B. Proof of Proposition 2

Since X = 1(2*)T is an accumulation point and
U(X") — L= (Theorem 1), by continuity of U we have
L = U(X*). By the KL assumption on » and Lemma 7,
U satisfies the KL property at X°° with exponent 6 and
parameters (x/max{m?~1/2/1},1). Hence, there exists a
neighborhood N, of X such that, for any X € N
satisfying U(X) — L= < 1,

(U(X) - L) < (‘““"”) IGl, G € dU(X).

(44)
By Theorem 1, 7% — 0 and U(X”+1/2) — L%, Therefore,
there exists v; € Ny such that

TV <1, U(X'HY2) - L™ <1,
Define

Vv > 1.

V= {1/21/1 :X”+1/2€Noo}.
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We show that V' # (). Indeed, since X *° is an accumulation
point of {X"}, there exists a subsequence X"* — X,
Moreover D¥ — 0 (Theorem 1), hence X++1/2 = X¥k 4
D"+ — X, implying X"*+1/2 ¢ N for k large enough,
and thus V # ().

Fix v € V. Applying (44) at X*+1/2 and taking Gy €
OU(XV*1/2), where G¥ is the subgradient provided by
Lemma 9 (Appendix D), we have

max {mafé, 1}

K

1/0

UXVH2)—L> < IGEIM?, 45)

for 6 € (0,1). By Lemma 9 (Appendix D), for this Gf we
have

1
IGI* <3 L* + — | ID"]|* + 3€". (46)
«

Substitute (46) into (45) and we get our desired result. U

C. Proof of Corollary 1
By (25), for 6 € (0,1),

ALY < k7H (5T +64(TY)?, WweV; (D)
@@ 6 € (0,1/2]. Using (47), 0 < &7Y < 1, and 1/0 > 2,
yields (28).

(i) 6 € (1/2,1). Since T¥ — 0 (Theorem 1), by possibly
shrinking NV, and increasing vy, we may assume (without
changing notation) that 0 < 7 < 1, for all v € V. Because
1/6 < 2, it follows that (7)? < (7*)'/?. Using this in (47),
we obtain

~ N\ 1/6
A£v+1 < <<C}:) + E4> (Tu)l/e — 67(7—”)1/9,

which proves (30).
(>iii) 6 = 0. From (25), if there exists v such that

UXvH/2y > <, Yo >, vev,

then
A£u+1 S &4(7”1))2’
which is (a).
Otherwise, there exist infinitely many ' € V such that
U(XV'+12) — £ > .
Pick such v/ and denote

Vv >, vEV,

Vii={/ eV :UX"T/?) - £*>0}.
Then, we have that 0 < U(X”,“/Q) —L>® <1, forall v €
V’. By Lemma 9 (AppendixD), we have that for any v/ € V'
there exists G € R"™*?, G*" € gU(XV +1/2), such that

’ ]_ ’ ’
G |1> <3 <L2 + a2> DY ||> + 3&¥. (48)

Notice that each row of G¥' belongs to the (limiting) subdif-
ferential of u(z? "/?).

Further, by Lemma 7 (Appendix D), we have that

k|U(XY T2y — 220 < |G|, W eV (49)

Combining (48) and (49) yields

T > Cﬁ >0, W eV, UXY*Y2) £ >
5

Using (22), (50), and the fact that ALY — 0 monotonically,
one infers that there exists v4 € V’/ such that

T =0,
This proves (iii)(b). O

(50)

Vv > V. (51D

D. Auxiliary Results

Lemma 6. For x € R? and 0 € (0,1), the following hold:

() 10 < 3, then ||z|1yo < |1zl

(i) If 0 > 3, then ||z||1 /0 < dO= /2 ||z

Proof. By the Holder’s inequality, we have for any 0 < r < p,

lzllp < lelle < a7 VP (52)

The inequalities in (i) and (ii) follow from (52), setting therein
p=1/0 and r = 2 for (i), and p = 2, r = 1/6 for (ii)). O

Lemma 7 (Exponent for separable sums of KL functions).
Let F(X) = >, fi(w;), where f; is a proper closed
function on R% and X = [x1,79,+ ,2.m] . Suppose further
that for each i, f; is continuous on domdf; and satisfies
KL property (Def. 1) at T; with exponent § € [0,1) and
parameters (k;,n;). Then F satisfies KL property (Def. 1)
at X = [T1,T2,++ ,Tm| with exponent 6 and parameters
(k) max{m?=2),1}, with x = min;x;.

Proof. See the proof of Theorem 3.3 in [7] with minor
variation and calculate the explicit expression of KL coefficient
of F' using Lemma 6. O
Lemma 8. For 0 < b <aq, and 0 < 1, we have that

1

1-6 bl*@).

a—b< 1 Hae(a
Proof. Define ®(z) : z'~% Then, ®'(z) = (1 — 0)z=? is
decreasing for x > 0. By mean value theorem, there exists
¢ € [b,a] such that

P(a) — (b)) =9'(c)(a —b) > ®'(a)(a — b).

=a—-b< a?(at=% — 170,

1-6 O

Lemma 9. Consider Problem (P) under Assumption 1. Let
{X"},en be the sequence generated by the SONATA algo-
rithm (5a)-(5¢), under Assumption 2. Then there exists G¥ €
OU (XV*Y/2) such that
1
IG¥|1? <3 <L2 + a2> | DY || + 3€".
Proof. By (5a), there exists J¥ € OR(X”+1/2) such that

1
JV + 7(XU+1/2 — XV +OéYV) = 0.
(0%
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That is, there exists G¥ € U (X"*'/2) such that

v G V412 R PIDTR YN
IG 1P =" | VA =t = (@l =)
i=1
2 1 V|2 v
<3 ( L+ = ) ||ID”|? + 3¢&".
O¢2
O

Lemma 10 (Th. 2 in [2]). Let {S"} be a nonnegative sequence
satisfying

(8V)T57 < o(8V"1 = 8Y), Vv >,

there exists ¢’ > 0 such that
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