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Decentralized Optimization: Vanilla Formulation

min
x∈Rd

u(x) ≜
m∑
i=1

fi(x) + ri(x) (P)

Each agent i has access only to fi, ri

▶ each fi is locally smooth and
convex,

▶ each ri is extended-value
convex, and possibly nonsmooth.

The graph network is connected

▶ Ni ≜ neighbors of agent i.

Meshed Networks (M-Nets)
Decentralized
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Decentralized Optimization: Vanilla Formulation

min
x∈Rd

u(x) ≜
m∑
i=1

fi(x) + ri(x) (P)

Each agent i has access only to fi, ri

▶ each fi is locally smooth and
convex,

▶ each ri is extended-value
convex, and possibly nonsmooth.

The graph network is connected

▶ Ni ≜ neighbors of agent i.

Meshed Networks (M-Nets)
Decentralized

Decentralized algorithms: each agent interleaves local computations
with neighboring communications.
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On the Choice of the Stepsize

Convergence relays sensibly on the tuning of the stepsize

Theory: Upper bounds

▶ require knowledge of global optimization & network parameters, not available locally

▶ are quite conservative

▶ require global smoothness

Practice:

▶ manual tuning is not practical and experiment dependent

▶ algorithm performance are quite sensitive to variations of the stepsize
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On the Choice of the Stepsize

Convergence relays sensibly on the tuning of the stepsize

Theory: Upper bounds

▶ require knowledge of global optimization & network parameters, not available locally

▶ are quite conservative

▶ require global smoothness

Practice:

▶ manual tuning is not practical and experiment dependent

▶ algorithm performance are quite sensitive to variations of the stepsize

Open question: Can one design decentralized algorithms that adaptively select agents’
stepsizes (with no global knowledge on network and optimization parameters)?
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Adaptive Stepsize in Decentralized Optimization

1 For smooth problems:

▶ Adaptive but parameter-dependent
⋆ Adaptive but require knowledge of network

parameters: [Aldana-López et al., 2024], [Malitsky and Pock, 2018]

▶ Adaptive but slow convergence
⋆ Diminishing stepsize: [Sundhar Ram et al., 2010], [Chen, 2012], [Nedić and Olshevsky, 2014]
⋆ Gradient normalization: [Nazari et al., 2022], [Chen et al., 2023], [Li et al., 2024]

▶ Adaptive parameter-free with provable faster convergence
⋆ line search-based method: [Kuruzov et al., 2024], [Kuruzov et al., 2025]

2 For nonsmooth problems with composite structure:

▶ Implementable adaptation from centralized algorithms
⋆ network-dependent parameters required: [Atenas et al., 2024]:
⋆ heavy communication budget in line search procedure:[Latafat et al., 2024]
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Decentralized Setting: Why is Not so Trivial?

Decentralizing the backtracking procedure

Warmup: Backtracking (centralized)

Algorithm update: xk+1 = proxγk,r(x
k + γkdk)

Backtracking: largest γk > 0 such that f(xk + γkdk) ≤ f(xk) + cγk∇f(xk)⊤dk, c > 0

If ∇f(xk)⊤dk < 0 ⇒ u = f + r is a valid merit function and dk a proper search direction.
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Decentralized Setting: Why is Not so Trivial?

Decentralizing the backtracking procedure

Warmup: Backtracking (centralized)

Algorithm update: xk+1 = proxγk,r(x
k + γkdk)

Backtracking: largest γk > 0 such that f(xk + γkdk) ≤ f(xk) + cγk∇f(xk)⊤dk, c > 0

If ∇f(xk)⊤dk < 0 ⇒ u = f + r is a valid merit function and dk a proper search direction.

Decentralized setting:

How to define a ”suitable” direction dki for each agent i?

Which local surrogate of f =
∑m

i=1 fi to use in individual line-search procedures?

Does the above yields convergence?

Proposed approach:

Develop a decentralized, adaptive variant of the Davis-Yin three operator splitting coupled with
a suitable BCV metric enabling local backtracking line-search with provable convergence.
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Algorithm Design: Reformulation with BCV Metric

Reformulation with BCV Metric
▶ Let xi ∈ Rd be the local copy of x at agent i and introduce a slack variable x̃i ∈ Rd.

▶ Denote X := [x1, · · · , xm]⊤, X̃ := [x̃1, · · · , x̃m]⊤ ∈ Rm×d, and X̂ := [X⊤, X̃⊤]⊤ ∈ R2m×d.

▶ Let F (X) :=
∑m

i=1 fi(xi), R(X) :=
∑m

i=1 ri(xi), and δ{0}(•) be the indicator function of {0}.

▶ The original problem is equivalent to the following optimization problem

min
X,X̃∈Rm×d

F (X)︸ ︷︷ ︸
:=F̃ (X̂)

+R(X) + δ{0}(X̃)︸ ︷︷ ︸
:=R̃(X̂)

+ δ{0}( LX + MX̃)︸ ︷︷ ︸
:=G̃(X̂)

, (P’)

where  L ∈ Sm satisfied null( L) = span(1m) and M ∈ Rm
++ is the BCV metric that we have degree of

freedom to choose.

▶ To unlock a decentralized implementation, we can set

M =
√

I −  L2,  L =
√

I − W,

where W is a positive definite gossip matrix.
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DATOS: Decentralized Adaptive Three Operator Splitting

(S1) Communication Step:

X
k+1/2

= WX
k
, D

k+1/2
= W (∇F (X

k
) + S

k
+ D

k
)

(S2) Decentralized line-search: Each agent update γk
i by line-search such that

fi(a
k+1
i ) ≤ f(x

k
i )+⟨∇fi(x

k
i ), a

k+1
i −x

k
i ⟩+

δ

2γk
i

∥ak+1
i −x

k
i ∥

2
, a

k+1
i := x

k+1/2
i −γ

k
i d

k+1/2
i (1)

(S3) Global min-consensus:

γ
k

= min
i∈[m]

γ
k
i

(S4) Update of the primal and dual variables

X
k+1

= prox
γk,R

(
X

k+1/2 − γ
k
D

k+1/2
+ γ

k
S
k
)

S
k+1

= S
k

+
1

γk

(
X

k+1/2 − X
k+1 − γ

k
D

k+1/2
)

D
k+1

= D
k+1/2

+
1

γk

(
X

k − X
k+1/2 − γ

k∇F (X
k
) − γ

k
S
k
)
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Convergence Analysis

Measure of convergence: a partial primal-dual gap function Gk ≥ 0

▶ Gk is a valid measure of the distance of the primal and dual variables from
the saddle point of the primal-dual formulation of the reformed problem (P’).

Theorem (informal)

Let {(Xk,Sk,Dk)} be the sequences generated by DATOS with the sequence of stepsizes {γk}
selected by line search procedure (1) and global min-consensus under the aforementioned
assumptions, then

1 The sequence {(Xk,Sk,Dk)} is bounded; and

2

Gk ≤
1

k
·

8R2
0

min
(
γ−1, δ/(2Lk)

) = O(1/k),

where Lk is the Lipschitz constant of ∇F over the convex hull of
∪k−1
t=0 [X

t,Xt+1/2 − γtDt+1/2] and R0 is a constant associated with the initial points.
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About the Global Min-Consensus

γk = min
i∈[m]

γk
i

LoRA (Long Range, Low Power) Technology

WiFi: transmission of vectors (high-rates, low range)

LoRA: transmission of quantized values of γk
i reaching all agents in the network (flooding)
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Local DATOS: From Global- to Local-min Consensus

Global min-consensus can be replaced with local min-consensus

γk = min
i∈[m]

γk
i −→ γk

i = min
j∈Ni

γk
j , Γk := diag([γk

1 , γ
k
2 , , γk

m]⊤)

Corollary (informal)

Let {(Xk,Sk,Dk)} be the sequences generated by DATOS with the sequence of
stepsizes {Γk} selected by line search procedure (1) and local min-consensus under the
aforementioned assumptions, then there exists a finite number K > 0 such that

Gk ≤ 1

k
· 8R2

K

min (γ−1, δ/(2Lk))
= O(1/k), ∀k ≥ K.
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Numerical Results

Logistic Regression with ℓ1−Regularization

Erdős-Rényi (p = 0.1) Erdős-Rényi (p = 0.5)

Figure 1: Logistic regression with ℓ1-regularization: 1
m

∑m
i=1 u(xi) − u(x∗) v.s. # iterations.
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Concluding Remarks

Contributions:

Decentralized adaptive method for nonsmooth problems with composite structure

Adaptive stepsize via local backtracking and (local) min-consensus

Convergence guarantees compare favorably with nonadaptive methods

Extensions & Generalization (not presented here):

More comprehensive analysis for DATOS: iterate convergence, linear convergence.

Line-search free methods

On-going:

Towards a unified parameter-free decentralized algorithmic framework

Stochastic oracles
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Can DATOS Has Linear Convergence: Numerical Finding

Sparse Linear Regression with Elastic Net Regularization

Erdős-Rényi (p = 0.1) Erdős-Rényi (p = 0.5)

Figure 2: Sparse linear regression with elastic net regularization ∥Xk − X∗∥2 v.s. # iterations.

Impossibility: For composite problems with general non-smooth ri, there exist counter-examples
indicating TOS cannot achieve linear convergence [Davis and Yin, 2017].

Why is there a gap?
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Can DATOS Has Linear Convergence: Theoretical Support

Definition (Partly Smooth Function)

Let r : Rd → R be a convex, proper, lower semi-continuous function and x ∈ Rd such that
∂r(x) ̸= ∅. r is then said to be partly smooth at x relative to a set M containing x, if

(i) Smoothness: M is a C2-smooth manifold around x, the restriction r|M is C2 around x;

(ii) Sharpness: The tangent space TM(x) coincides with the set T r
x := par(∂r(x))⊥;

(iii) Continuity: The set-valued operator ∂r is continuous at x relative to M.

We denote the class of partly smooth function at x relative to M as PSFx(M).

Function Expression Partial smooth manifold

ℓ1−norm ∥x∥1 M = {z ∈ Rd : supp(z) ⊆ supp(x)}
ℓ1,2−norm

∑n
j=1 ∥xbj

∥2 M = {z ∈ Rd : supp(z) ⊆ supp(x)}

ℓ∞−norm ∥x∥∞ M = {z ∈ Rd : zIx ∈ sign(xIx )R|Ix|}
Nuclear norm

∑rank(x)
i=1 σi(x) M = {z ∈ Rm×d : rank(z) = rank(x)}

ℓ0 pseudo-norm ∥x∥0 M = {z ∈ Rd : supp(z) ⊆ supp(x)}
Rank function rank(x) M = {z ∈ Rm×d : rank(z) = rank(x)}

... ... ...

Table 1: Examples of partly smooth functions, where {bj}nj=1 is a set of disjoint subset of indices {1, 2 · · · , d} and

Ix := {i : |xi| = ∥x∥∞}
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Can DATOS Has Linear Convergence: Theoretical Support

Theorem (informal)

Under the aforementioned assumptions and further assume f =
∑m

i=1 fi(x) is µ−strongly
convex with µ > 0, and each ri is partly smooth with respect to a manifold Mx∗ . Then with
some nondegeneracy condition, there exists ζ′ ∈ (0, 1) such that for any ζ ∈ (ζ′, 1), there exists
Kζ > 0 such that for any k ≥ Kζ ,

∥X̂− X̂∗∥2 ≤ O(ζk−Kζ ). (2)

Theorem (informal)

Inherit the setting of above Theorem and further assume each ri is partly smooth with respect
to an affine manifold Mx∗ . Then with some nondegeneracy condition, there exists a finite
number K such that DATOS algorithm converges linearly for any k ≥ K.
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Appendix: Apply an Adaptive variant of TOS on the reformed problem

Adaptive three operator splitting
▶ Apply an adaptive variant of Davis-Yin three operator splitting [Davis and Yin, 2017] on the reformulation (P’)

reads:

Â
k+1

= prox
γk,G̃

(
X̂

k − γ
k
Ŝ
k − γ

k∇F̃ (X̂
k
)
)
;

X̂
k+1

= prox
γk,R̃

(
Â

k+1
+ γ

k
Ŝ
k
)
;

Ŝ
k+1

= Ŝ
k

+
1

γk

(
Â

k+1 − X̂
k+1

)
,

(3)

where Âk := [(Ak)⊤, (Ãk)⊤]⊤ ∈ R2m×d and Ŝk := [(Sk)⊤, (S̃k)⊤]⊤ ∈ R2m×d are two
intermediate variables derived by the TOS

▶ For any given δ ∈ (0, 1], the stepsize γk > 0 can be selected by the largest value satisfying

F̃ (Â
k+1

) ≤ F̃ (X̂
k
) + ⟨∇F̃ (X̂

k
), Â

k+1 − X̂
k⟩ +

δ

2γk
∥Âk+1 − X̂

k∥2. (4)
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Appendix: Measure of Convergence

Consider the Lagarangian function corresponding to the reformulation (P’)

L(X̂, Ŝ) := F̃ (X̂) + G̃(X̂) + ⟨Ŝ, X̂⟩ − R̃∗(Ŝ).

Partial primal-dual gap function: For any give saddle point (X̂∗, Ŝ∗), let BX × BS be a

bounded set containing (X̂∗, Ŝ∗), and we introduce the the partial primal-dual gap
function as

GBX×BS
(X̂, Ŝ) ≜ max

Ŝ′∈Bs

L(X̂, Ŝ′)− min
X̂′∈BX

L(X̂′, Ŝ).

▶ GBX×BS
(X̂, Ŝ) ≥ 0 for any (X̂, Ŝ) ∈ dom(L);

▶ If (X̂, Ŝ) lies in the interior of BX × BS, then GBX×BS
(X̂, Ŝ) = 0 indicates (X̂, Ŝ)

is a saddle point of L [Chambolle and Pock, 2011].

Ergodic convergence: We define the measurement of convergence on ergidic sequences

Gk := GBX×BS
(A

k
,S

k
),

where

A
k
:=

1

θk

k∑
t=1

γt−1Ât, S
k
:=

1

θk

k∑
t=1

γt−1Ŝt, θk :=

k∑
t=1

γt−1.
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