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Abstract—The paper studies decentralized optimization over
networks, where agents minimize a composite objective consist-
ing of the sum of smooth convex functions-the agents’ losses—
and an additional nonsmooth convex extended value function.
We propose a decentralized algorithm wherein agents adaptively
adjust their stepsize using local backtracking procedures that
require no global (network) information or extensive inter-agent
communications. Our adaptive decentralized method enjoys ro-
bust convergence guarantees, outperforming existing decentral-
ized methods, which are not adaptive. Our design is centered
on a three-operator splitting, applied to a reformulation of the
optimization problem. This reformulation utilizes a proposed
BCV metric, which facilitates decentralized implementation
and local stepsize adjustments while guarantying convergence.

Index Terms—Adaptive stepsize, convex optimization, decen-
tralized optimization, networks.
I. INTRODUCTION

Consider the following decentralized optimization

win u(e) = f(x) +r(a), ®)
fl@) = L3 fia) m

z) = — 2 i(x),
where f; : R — R is the cost function of agent i €
[m] :={1,...,m}, assumed to be convex, locally smooth,

and known only to the agent; 7 : R? — RU{—o00, +o0} isa
convex, nonsmooth function, known to all agents, which can
be used to enforce shared constraints or specific structures
on the solution (e.g., sparsity or low-rank). Agents are
embedded in a mesh communication network, modeled as
a fixed, undirected and connected graph G with no servers.

Problem (P) arises from several applications of interest,
including signal processing, machine learning, multiagent
systems, and communications. The literature abounds with
decentralized solution methods for (P) (when f;’s are glob-
ally smooth); we refer to the recent tutorial (and reference
therein) [1] and book [2] for a detailed review. These
methods commonly rely on conservative stepsize bounds
for convergence, dependent on parameters such as the
Lipschitz constants of the agents’ gradients, the spectral
gap of the graph adjacency matrix, or other topological
properties. However, this crucial information is not locally
available to the agents. Consequently, stepsize values are
often set through manual tuning, leading to performance that
is unpredictable, problem-dependent, and not reproducible.
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Furthermore, these methods fails when agents’ losses are
only locally smooth-refer to Sec.I-B for more information.
This paper brings adaptivity to the decentralized setting (P).

A. Main contributions

1. Algorithm design: We introduce an adaptive decentral-
ized algorithm tailored to the composite structure of Prob-
lem (P). To deal with the nonsmooth term, our design lever-
ages a three-operator splitting decomposition. This is applied
to a reformulation of (P) based on the BCV technique [3],
[4] (named after Bertsekas, O’Connor, and Vandenberghe).
A suitable metric is chosen in the BCV transformation,
to facilitate a fully decentralized implementation of the
splitting-based algorithm that uses only neighboring com-
munications while enabling adaptive updates of the agents’
stepsize through local backtracking procedures. Remarkably,
our algorithm does not require agents to know any global
optimization or network parameters.

2. Convergence guarantees: We rigorously prove conver-
gence of the proposed method, demonstrating a sublinear
O(1/k) rate for a suitably defined optimality gap, where
k denotes the iteration count. Preliminary numerical results
highlight that our adaptive algorithm significantly outper-
forms existing decentralized algorithms applicable to (P),
all of which rely on nonadaptive stepsize choices.

B. Related works

1. Adaptive centralized methods: In recent years, there
has been an increasing interest in developing adaptive (a.k.a.
parameter-free) optimization algorithms for centralized and
federated settings. These methods include established tech-
niques such as line-search approaches [3], Polyak’s step-
size [5], Barzilai-Borwein’s stepsize [6], as well as more
recent advancements that estimate the local curvature of the
cost function [7]-[9]. Additionally, other adaptive gradient
methods tailored specifically to machine learning challenges
include AdaGrad [10], Adam [11], AMSGrad [12], and their
variants [13], [14]. Some of these algorithms have been
adapted for federated architectures (server-client systems).
However, none of them is suitable for mesh networks,
because they rely on a central server to aggregate local model
updates and tune the common stepsize—a process imprac-
tical in decentralized mesh setups. Among these methods,
only [5], [8]-[10] can deal with nonsmooth convex terms,
as in Problem (P).

2. Adaptive decentralized methods: The landscape of
parameter-free decentralized methods is limited, with no-
table proposals including [9], [15]-[19]. Specifically, [15]-
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[17] study stepsize adaptivity for stochastic (non)convex/
online and smooth optimization, typically using gradient
normalization from past iterates. Except for [17], these meth-
ods assume globally Lipschitz continuous losses, enabling
convergence with standard stepsizes of the order O(1/v/k)
(here, k is the iteration index). Additionally, [15], [16] re-
quire prior knowledge of certain problem-dependent param-
eters. The work [19] introduces a Port-Hamiltonian System
framework for smooth, strongly convex, and unconstrained
problems. While parameter-free convergence holds in the
centralized setting, convergence (global asymptotic stability)
in decentralized settings is ensured only under specific graph
structures or graph-dependent stepsize constraints, which
rely on global network information. No explicit conver-
gence rate expression is provided. Recently, [18] proposed
a parameter-free decentralized method for smooth, strongly
convex instances of (P), establishing linear convergence and
demonstrating superior theoretical and practical performance
compared to non-adaptive decentralized algorithms.

None of the decentralized methods described above handle
composite optimization problems as (P), nor do they account
for locally smooth losses. While proximal adaptive methods
for composite optimization have been studied in centralized
settings [20], [21], their adaptations to decentralized prob-
lems exhibit significant practical limitations. Specifically, the
decentralization of [20] requires at every line-search step
(i) transmission of ambient-sized vectors—causing prohibitive
communication costs—and (ii) computation of the smallest
agents’ line-search stepsize across the entire network. The
method from [21], while avoiding line-search procedures,
still necessitates computing and propagating global scalars
at each iteration for stepsize and relies on knowledge of
a global network quantity unavailable locally. Resorting to
conservative local overestimates of this parameter reduces
adaptivity, slows convergence, and makes the algorithm
sensitive to critical tuning parameters. These practical draw-
backs are confirmed by numerical results in Sec. IV.

In summary, existing adaptive decentralized methods can-
not solve composite optimization problems (P) using only
neighbor communications. To the best of our knowledge,
the parameter-free decentralized algorithm presented here is
the first to address this critical challenge.

II. ALGORITHM DESIGN

We study (P) under the following assumptions.

Assumption 1. (i) Each f; : R? — R is convex on R?
and locally smooth; (ii) r : RY — R U {—00, o} is convex,
proper and lower-semicontinuous; and (iii) v : R — R is
lower bounded.

Assumption 2. The network is modeled as an undirected,
connected graph G = (V, ), where V = [m] and (i,j) € €
if and only if there is a link between agent i and j.

Assumption 3 (Gossip matrices). Let Wg denote the set
of symmetric, doubly stochastic, gossip matrices W :=

(iuvij)?szl that are compliant with G, i.e., w;; > 0, for all
i € [m]; w; > 0 for all (i,5) € € and w;; = 0 otherwise.

Assumption 1 requires only local smoothness of the
losses, which significantly enlarges the class of covered
functions and applications. Examples include covariance
estimation problems and Poisson inverse problems [22]-[24]
arising from image processing. Assumption 3 is standard in
the literature of gossip-based algorithms—see, e.g., [1], [2].

A. A three-operator splitting-based algorithm

The starting point of our new algorithm design is the
following reformulation of (P) leveraging the BCV tech-
nique: introducing local copies z; € RY of x and slack
variables #; € RY, along with the row-wise stack matrices
X :=[x1,...,2p) " and X := [Z1,..., &y, the following
optimization problem

F(X) +R(X) + 870y (X) + g0y (£X + MX).

“min
X)XeRﬂle \: ,-/N
=F(X,X) =R(X,X) =G (X,X)
"

is equivalent to the original Problem (P). In (P’), we defined

R(X) := Z r(x;);

i=1

F(X) = Z fi(zi),

Sgoy : R™*? — R U {oo} is the indicator function of {0};
L € S™ satisfies null(k) = span(1,,), and M € ST, is
the BCV metric. The matrix L enforces consensus among
the agents’ variables x;’s via LX = 0. The choice of M
will be shown to be crucial to enable a fully decentralized
implementation of the proposed algorithm as well as adap-
tive local stepsize selection. This justifies the presence of G
in (P’), which is unconvential in the classical decentralized
optimization literature. Here, S™ (resp. S, ) denotes the set
of m x m real symmetric (resp. positive definite) matrices.
Problem (P’) is equivalent to solving the monotone inclu-
sion based on the following three-operator splitting [25]:

X
find T := [X] eR™ st 0 (A+B+C)T, (2

where A := 9G, B := R and C := VF. Invoking the
Davis-Yin three-operator splitting [26], (2) is equivalent to

find T,Z € R**4 st. D,Z=7Z and T = J.gZ, (3)
where
Do :=01—Jup + Jaa © (Q‘J]QB —l—-aCo \J]alEB)v @

Ja = (I + A)~! is the resolvent of a given operator A;
and the constant o > 0 plays the role of the stepsize. Notice
that J_, 5 (resp. J_ 5) is equivalent to the proximal operator
prox,p (resp. prox = ) applied row-wise to its argument.
One can solve (3) through the standard fixed-point
Krasnosel’skii-Mann iteration [26]: given Z* and o > 0,

Tg = proxakf{/zk7
THH = prox_. 5 (2T§ _zk akVﬁ(Tg)) ,
ZM =7h 4T - Ty

&)
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Next, we develop (5) further to include a backtracking
procedure that allows for adaptive selection of the stepsize.

This development necessitates defining a suitable search
direction and a proper merit function. The backtrack-
ing procedure and the direction are established based
on the saddle-point reformulation of Problem (P):
minpegemxd Maxgepzmxa L(T,S), where

L(T,S) := F(T) + G(T) + (S, T) — R*(S),  (6)

is the Lagrangian function, with T as the primal variables
and S as the dual variables, and R* denoting the conjugate
of R. Introducing the intermediate variable

1

Sk = J(z’f — T§),

allows us to express Tf\H in (5) as
Ti™ =prox . 5(Tk — a"S*F — oFVF(TE)).  (7)

If the stepsize o > 0 satisfies the following backtracking
condition: given § € (0, 1), find the largest * > 0 such that

F(TE) <F(T)) + (VE(TE), T4 - Th)

) )
+ ﬁHTf\H — Tq°,

it ensures a sufficient decrease of the Lagrangian function (6)
at S* along the direction T4 — TE, that is:
, o\ 1

£TE 8 < 4Tk 80 - (1- 3 ) 2Tk - TR
Thus, T+ — TE becomes our viable primal search direc-
tion, and S* will serve as the dual variables.

Using the S-variable and absorbing the Z-variables, (5)
can be rewritten as: given the largest o > 0 satisfying (8),

i = prox,.g (Th - o*$* — o*VF(TE))  ©9a)
T§+1 =ProxX g (Tl&-i_l + akSk) , (9b)

ok
1
§HH = 8% 4 —(Th" = T, (9c)

B. A decentralized implementation

The algorithm in (9) is not fully decentralized, due to
the reliance on prox .5 and the backtracking procedure
(8) involving the function F, which cannot be performed
locally and independently by the agents. In this section we
cope with these issues, and proposed a fully decentralized
implementation of the algorithm in (9).

Let us partition the variables as

Tk Tk
T]C = |: A,1:| ’ Tk? = |: [B,l:| ’ Sk =
AT TR, B TE,

The update of the Tg-variables involving prox ;. 5 reads

(1)

TH = [proxakﬁ(Tgﬁl + akSH)] .

The expression of Prox ia is obtained using the following
Fact (e.g., [25, Eq. (2.6)]): Let g(u) = f*(ATu), with f :
R™ — R U {—00,00} assumed to be convex, closed and

proper. Suppose, ri dom f* N range(AT) # (. Then v =
prox, ,(u) if and only if there exists z € R™ such that
, «
v € argmin, {f(y) — (v, Ay) + S [|Ay|I"} and 12)
v=u— aAz.
Notice that G = (51‘0})* o [k, M], with 07y denoting the
conjugate of d¢gy. Since 07, is convex, closed and proper
and ridomdygy ﬁRange(Al[L7 M]]) # 0, we can use (12) to
express prox ;. Hence, (9a) can be rewritten as
TE | — oSt — aVF(TE ) 13
k
rp - [T St 0TRT] e [E] i
(13)
where
YhH! Eargminy{éfo} (Y) - <T§’2 —aFsk MY)

- <T§s,1 —afsh - a"”‘VF(TQQ,LY) (14)

k
«
+ 2 (I + Y 7))

We proceed choosing M so that (14) admits a closed form
solution, computable locally at the agents’ sides. Combin-
ing (9¢), (11) and (13), it holds S5 = —MY”. Substituting
this expression in (14) and using the fact

61‘0}(Y) = _sup {(Y, Z) - (5{0}(Z)} =(Y,0) =0,

ZERMX
yields
Y ! € argminy {oF|Y = Y¥ |72 e
—2(L(Th, — o*SY — o"LYF — o*VF(T§ ), Y)}.

Choosing M to linearize the quadratic term in the objective
function above—M := /I — E2—yields

YrH=YF 4 %L(Tg,l—akS’f—ak’LYk — o"VF(TE ).

15)
Introducing the variable D’“A:/: LY¥, and setting £2 = T —
W, with W = (1 —¢)I 4+ cW € W for some ¢ € (0,1/2),
(15) can be rewritten in terms of the D-variables as

1
D = DR — (1-W)(Th , —a* (S{+D*+V F(TE ),
(16)
and so the update of the T s-variables (using (13)):

Tk, =WTg, + W(VF(TE,) + 87+ D). (17

In summary, the proposed algorithm is given by (11), (16),
and (17). The algorithm is now fully decentralized in the
updates of T-and D-variables.

We are left to address the implementability of the line-
search procedure (8) over the network. To this end, we
introduce a local stepsize o for each agent i. This stepsize
is determined by performing backtracking on the local loss
function f;. Specifically, for tfml and t[ﬁ’i, which are the
i-th rows of T5"" and TE , respectively, each agent finds
the largest o that satisfies:

FtED) <filtg ) + (V5. thf — t5.)

0 ik
[tht! — t[’é,illg-

(18)
T gaf e
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Setting of = Min;e [y af ensures that the global line-
search condition (8) is also met.

The proposed decentralized algorithm is outlined in Algo-

rithm 1, with the detailed backtracking line-search procedure
provided in Algorithm 2. For clarity in presentation, we refer
to T ; and S} as X* and S*, respectively.
On the global-min consensus: Step (S.3) entails exe-
cuting a min-consensus operation across the network to
synchronize a common stepsize, o = min,c(,, af, among
the agents. This min-consensus protocol adapts seamlessly
to contemporary wireless mesh network technologies. In
fact, current network infrastructures support diverse com-
munication interfaces, in particular WiFi and LoRa (Low-
Range) [27], [28]. WiFi provides high-speed, short-range
communication capabilities whereas LoRa supports long-
range communication over low rates, perfectly suited for
broadcasting minimal information to all nodes across the
network in a single hop. In such multi-interface environ-
ments, Algorithm 1 is perfectly implementable: it employs
WiFi for transmitting vector variables in Steps (S.1) and
uses LoRa for executing the min-consensus in Step (S.3).
Additionally, before transmission, the af values can be
quantized to lower approximations using a few bits.

Local-min operations leveraging only neighboring com-
munications will be considered in Sec. III.

Algorithm 1 Decentralized Adaptive Three Operator Split-
ting (global_DATOS)

Data: (i) Initialization: =1 € (0, 00), X° € R™*", 80 ¢

R™*" and D = 0; (ii) Backtracking parameters: § € (0, 1];

(iil) Gossip matrix W = (1 —¢)I +cW, c € (0,1/2).

1: (S.1) Communication Step:
XFH2 = wxk DM = W(VF(XF)+8F4+D");
2: (S.2) Decentralized line-search: Each

agent updates @ according to:

k k+1/2

_ ) _ k k+1/2
a¥ = Linesearch(a® !, f;, z® T —di+ / Yk 0);

3: (5.3) Global min-consensus:

o® = min ak
i€[m]
4: (S.4) Updates of the primal and dual

variables:

Xkl = proxo{kR(X’lﬁLl/2 — oFDF/2 4 Oszk)

1
k k k k kyk
SHH =8k 4 S (XEH/2 X — D)
. 1 X . X ok

Dk+1 — Dk+1/2 + J(Xk _ Xk'+1/2 _ Oéka(Xk) _ aksk)

5: (S.5) If a termination criterion is not met, k < k+1
and go to step (S.1).

C. Convergence guarantees

This section study convergence of Algorithm 1. For ana-
Iytical convenience, we will refer to the updates written as in
(9). In fact, since D° = 0 € span(l — W), Algorithm II-B
is equivalent to (9), provided that the stepsize a* therein is
updated according to the backtracking procedure described

Algorithm 2 Linesearch(q, f,x1,x2,d, )

I ot =q;
2 2T =29+ atd; Sett =1;
3. while f(z) > f(z1)+(Vf(x1), 2"
1'1”2 do
at —at/2;
zt — 9+ atd;
t+—t+1;
return ot.

—$1>+2(XL+HZC+—

in (S.3) of Algorithm 1. Henceforth, all references to (9)
will implicitly assume this condition.

Given the reformulation of (P’) based on the Lagrangian
function £ in (6) and strong duality (guaranteed by Assump-
tion 1), a saddle point (T*,S*) of £ is such that T* is a
minimizer of (P’). For any given saddle-point (T*,S*) of
L, let By x Bg be a bounded set containing (T*,S*). We
introduce the partial primal-dual gap function [29],

Gy xBs(Ta,S) == Imax L(Ta,S) — Join L(T,S). (19)

Notice that Gp,.xps(Ta,S) > 0, for any (Ta,S) €
dom(L). Yet, G, xBs is not a valid measure of optimality
because it might vanish for (T4, S) not being a saddle-point
of £ [29]. However, if Gg, xBs(Ta,S) = 0 for (Ta,S) €
dom(£) and, in addition, (Ta,S) lies in the interior of
Br x Bg, then (Tp, S) is a saddle-point of L. The following
theorem shows that the iterates (T%,S*) € dom(L) re-
main bounded. Hence, one can choose a “sufficiently large”
Br x Bg such that Gg, x5, (Tk, S¥) is a valid measure of
optimality for (T%, S¥). We provide next the convergence
rate decay of Gp,xBs along the ergodic sequences of the
iterates {T%} and {S*}, defined as

k k
Tf\: gkz at~ITY, gt .— ikz at=1st, 0k::Zat—1
t=1 t=1

Theorem 1. Under Assumptions 1-3, the following holds
along the iterates of Algorithm II-B:
(a) The sequence {T% Sk}, is bounded; and
(b) For any given saddle-point (T*,S*) of L, there exists
a bounded set By x Bg [see (36) in the proof for the
explicit expression] such that (i) (T*,S*) € By x Bg, (ii)
(Tk,S*) € int(Br x Bs), for all k > 0; and (iii)
| SR2

—k —
T <-.
Gprxns(Ta, 87) < k min (o=, §/(2LF))’

(20)

where L* is the Lipschitz constant of VF over the convex
hull of Uf_,[T4 ', T4 1], and
Rj = | Tg — T*|I* + (a”)?|I8” = 8*|%. D)
Theorem 1 establishes the sublinear convergence rate
of Algorithm II-B, matching O(1/k) rate of state-of-art
algorithms solving decentralized convex optimization prob-
lems. Crucially, Algorithm II-B removes the requirement
for prior knowledge of optimization and network param-

eters, which is common to all prior native decentralized
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algorithms applicable to Problem (P), such as [30], [31].
Notably the convergence rate (20) depends on the local
Lipschitz constants {L*}, defined on the convex hull of the
trajectory traveled by the algorithm. This local constant often
proves much smaller than the global Lipschitz constant L,
governing the rates of existing (non adaptive) decentralized
algorithms. This advantage showcases the algorithm’s ability
to adapt to the local geometry of the optimization function.
Finally, the constant R3 in (20) is to be expected, it quantifies
the “distance” of the initial point from the saddle-point.

D. Proof sketch of Theorem 1

Proof of statement (a): It can be shown that the line-search
terminates in a finite number of iteration, with o* satisfying

1)
min <ak1, ~) <aof <ofl 22)

2Lk

where L* € (0,00) is the Lipschitz constant of VF' over
the segment [T ,, TE* 1. Furthermore,

AF :F(Tg@) + <VF(T§,1)a Tf\ﬁl - T§,1>
) (23)
+ ﬁ”Tfﬁl —Tg.l* - F(Tf\ﬁl) > 0.

We study the descent of the gap function G*. By definition
(19) of L, we have: for any fixed (T, S) € dom(L),

ﬁ(T]&-i_lv S) - ‘C(Tv Sk+1)
< F(Ti") - F(Tg) + F(T§) — F(T)

term I term II

+G(T;) = G(T) + (T; " - T, 8"

term III term IV

~ ~ (24)
+ R*(Sk—H) _ R*(S) + <T/X‘r1’ S — Sk+1> ]
term V term VI
We proceed bounding each term separately. By (23)
term T <(VF(Tg,), Tii' — Tg 1)
) (25)
+ ﬁ”Tﬁﬂl - Tg; 2.
Using convexity of F', yields
term II <(VF(TE), Tk -T). (26)

From the update (9), we have

1 ~ ~
J(Tg — afSk — oFVE(TE) — TE) € 0G(TETY),
which, together with convexity of G, yields

1
t 11T <—(Tk — Tkttt Tk+l _
erm _ak< B A LA ) @7

—(S* + VF(TE), Th —T).

Using (25), (26) and (27), we conclude
term I 4+ term IT 4+ term IITI 4 term IV
< e A = Th P (T - T T )
AV
=5 (ITf — TP — 05 — T5 2 4+ 61T, — T4
—|Tg" =TI + I T — TE %)
<t (ITh — T2 — [ TE - T 4 TE - TE2),

_27]6
) (28)
where in the last inequality we used 0 < § < 1.
Using (9a) and (9c¢), it follows
SF1 e GR(TET) = TEH! € 9R*(SFH1). (29)
Leveraging convexity of R*, we have
term vV < (Th! sk Q). (30)

Thus, we can bound term V+ term VI as

term V4 term VI < (TR — T+ gk+l _ Q)

o) 1
= Sk (o (s = 8)|I* - [a*(S**+! — §)||*—
ITg*! = TRM ().
(31)
Combining (28) and (31) and using T§ , = 0, yields
20F (L(TET,S) — £(T,8"))
<|IT§ — T|* + (a")?S* — S|? (32)
— (ITg*" = T + (a")?8* = S|1?).
Telescoping (32) and leveraging o < o*~! yield
ITs — T[> + (*)?|S* — S|
k
+2) o (L(Th,S) - L(T,S")) (33)
t=1

<[ Tg = T|* + (a”)?IS° - S|*.

Let (T*,S*) be any saddle-point of L£; set in (33)

(T,S) = (T*,8*). We have £(TK™!, 8*)—£(T*, S+1) >
0. Invoking the fact that ok > 0 for any k, we conclude

T — T + (a")?||S* — 8*?

. N (34)
< [ITg — T* + (a”)?]|S° - 8¥1%,

Yk > 0.
Hence, {T%, S*}; is bounded. And so is {T%};, due to
(9¢). Specifically, given R3 > 0, defined in (21), we have

ITk — T*|° + (2°)?(IS* — 8*||> <4R5, Vk>0. (35)
Proof of statement (b): From (34)-(35) it follows that we
can define the bounded set By x Bg containing (T*,S*) as

BrxBs = {(T,S)[|T = T*||* + (a°)?||S — 87||* < 4R5} .

(36)
This also ensures (T%, S*) € int (Br x Bg), for any k > 0.
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Dividing both sides of (33) by 26;, and leveraging con-
vexity of L(e,S) — L(T,e), yields

—k —k 1
L(Ta,8)-L(T,S") < oop (ITg = T|I* + (”)[IS° - S|1?) .

(37
Taking the maximum of (T, S) over By x Bs on both sides
of (37) and using (19), we infer

=k gk _ D(Br,Bs)
gBTXBS(T/S\>S ) ST’
where D(Br,Bs) = sup(rs)esrxss ITg — TJ* +
(a%)?||S° — S||2. Moreover,

k
oF > Zmin (at_z,é/th_l) > min (ka_l, ]4:5/(2Lk)) .
t=1

Finally, it is not difficult to check that D(Br, Bs) = 8R2.
This completes the proof. (]

III. FROM GLOBAL TO LOCAL MIN-CONSENSUS

In this section we introduce a variant of Algorithm II-B
wherein the global min-consensus step (S.3) is replaced
by a local one—see Algorithm 3. Step (S. 3) therein requires
now only local communications with neighboring nodes.
The update (S.3) produces now different local stepsizes,
collected in A¥ := diag(al,ab,--- ak). To simplify
the notation, we defined proxpr z(X) := [proxqe, (1),
T, PTOXgk r(xm)}—r'

Notice that Algorithm 3 differs from Algorithm 2 also in
the updates of the D-variables, due to the fact that AF ¢
span(I), for all k. In fact, in such a setting, one can show
that the update of the D-variables should be instead

D*=DF L (AF)TIE(XF - AFSF - AFDF APV F(XF)).
(38)
However, this update is not implementable on a network
because L(A*)~'E is not compliant with the graph G. The
proposed approach is then to “approximate” (38) by

DFH=DF E2(AF)7H(XF - AFSF - AFDF APV F(XF)).

(39)
Setting £* = I — W, (39) is computable on the network.
The update (39) serves as an effective approximation of
(38) in the sense that it ensures two critical properties for
convergence: i) D¥ € span(I — W), for all k; and ii) if
A* € span(I), (39) recovers (38). A key property of the
local-min consensus coupled with the proposed line-search
procedure is to ensure that A¥ will fall within span (/) after
a finite number of iterations.

Convergence of Algorithm III is summarized in Theo-
rem 2, whose proof is omitted because of space limit—
see [32]. Similarly to Theorems 1, it is convenient to
state Theorem 2 referring to the equivalent formulation of
Algorithm 3, using the updates in terms of T , and T§ ,, as
given in (17) and (11), respectively, with the stepsize a*I
therein replaced by A*, and updated according to (S.2)-
(S.3) in Algorithm 3. In Theorem 2, the D(Br,Bs) is
defined as in Theorem 1.

Algorithm 3 Decentralized Adaptive Three Operator Split-
ting with local min-consensus (local_DATOS)
Data: (i) initialization: o~ € (0,00), X? € R™*", SV ¢
R™*" and D° = 0; (ii) Backtracking parameters 5 €(0,1];
(iii) Gossip matrix W = (1 — ¢)I + cW, c € (0,1/2).

I (S.1)

Xk+1/2 — WXk7

Communication Step:

2: (S.2) Decentralized line-search: Each
agent updates o according to:

—k . k—1 k k+1/2 k+1/2
@; = Linesearch(o; °, fi, z;, x; / ,—d; / Yk 0);
3: (S.3) Local min-consensus: Each agent up-

dates o according to:

aFf = min a;?;
JEN;

4: (S.4) Extra scalar communication step
Let A¥ := diag(af,ak, -, ak),

Df = (I - W)(A") 71X

5. (S.5) Updates of the auxiliary, dual

and primal variables:
Xkt — prOXAk,R(Xk+1/2 — AFDRH1/2 4 Aksk)
gkl — gk 4 (Ak)—l(Xk+1/2 _ Xk _ Dk+1/2)
DF! = DF/2 L Dk — VF(XF) — S*.

6: (S.6) If a termination criterion is not met, k <+ k£ +1
and go to step (S.1).

Theorem 2. Consider Algorithm Il under Assumptions 1-3.
Further assume that sequence {T% S}, is bounded. Then,
for any given saddle point (T*,S*) of L, there exists a
bounded set Bt x Bg such that (i) (T*,S*) € Br x Bg,
and (T% S¥) € int(Br x Bs), for all k > 0; and (ii) for
some finite K > 0, it holds

1 Ck + SR%(

—k =k
< =
Gprxps(TarS7) < 3 min (a1, 8/(2LF))’

Vi > K,

(40)
where Cre =231 at™1Gp, w5 (Th, S") and

Ric = | T — T + (a™)?||8™ — 87|,

Theorem 2 certifies convergence of Algorithm II-B at sub-
linar rate. The primary distinction between the local-min and
global-min consensus procedures is that the local-min does
not guarantee a monotonically decreasing merit function
during the initial K iterations. However, as demonstrated by
the numerical results in the following section, in practice,
Algorithm 3 performs comparably to Algorithm 1.

Convergence of Algorithm 3 relies on the boundedness of
the generated iterates. This is trivially ensured, for instance,
when the loss functions are globally smooth or when r is the
indicator function of a compact (convex) set. Additional sce-
narios and algorithmic variants that guarantee boundedness
are discussed in the extended version of this paper [32].
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Fig. 1. Logistic regression with ¢1-regularization:
(left); p = 0.5 (middle); and p = 0.9 (right).
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IV. NUMERICAL RESULTS

This section presents some preliminary numerical results,
comparing Algorithms II-B and III against several bench-
marks. Specifically, we consider the nonadaptive decen-
tralized algorithms SONATA [33] and PG-EXTRA [30] as
well as decentralized adaptations of the adaptive centralized
method adaPDM [21]. SONATA and EXTRA require full
knowledge of network and optimization parameters; for
these methods, we perform a manual grid-search to identify
the optimal stepsize ensuring fast convergence. Regarding
adaPDM, we emphasize that it is not entirely parameter-free,
since it requires the knowledge of the global network-related
quantity ||I — V||, unavailable in practice. For comparison,
we simulate two versions of adaPDM: (i) one assuming
exact knowledge of ||[I —W/|| < 2, termed adaPDM, and (ii)
another using the conservative upper bound 2, resulting in
a network-agnostic variant termed adaPDM2. In both cases,
we manually tune the parameter ¢ in adaPDM and adaPDM?2
(as in [21]) to obtain the best possible practical convergence
behavior. We anticipate that adaPDM and adaPDM2 are very
sensitive to the choice of ¢.

We simulate Erdos-Renyi graphs, with m = 20 agents
and edge-probability of p = 0.1, p = 0.5, and p = 0.9.
The gossip weights used in all the algorithms are the

Metropolis-Hasting (see, e.g., [1]). For the implementation
of Algorithm II-B and III, we initialize X° and S° randomly
and set =1 =10, § = 0.9, and ¢ = 1/3.

A. Logistic regression with {1-regularization

Consider the decentralized logistic regression problem
with ¢;-regularization, which is an instance of (P), with

file) = = log(1bexp(—biy-(w,aiy)))s (2) = Alal,
j=1

where a;; € R? and b;; € {-1,1}. The data set
{(aij, bij)}j—; is owned by agent i. We use the MNIST
dataset from LIBSVM [34], taking the first N = 6000
samples (hence n = 300). The feature dimension is d = 784.
We set the ¢; regularization parameter A = 1072,

Figure 1 plots the optimality gap (1/m) >0, u(x;) —u*
versus the number of iterations, achieved by all the algo-
rihtms, where w is the objective function in (P) and u*
is its minimal value. The figures clearly show that both
proposed methods consistently outperforms SONATA and
PG-EXTRA, with the advantage that do not require any
user’s intervention for the tuning of the stepsize. Moreover,
our methods significantly outperforms also adaPDM in both
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of its implementations. Furthermore, the performance dif-
ference between Algorithm 3, which incorporates local-min
consensus, and Algorithm 1-using global-min consensus,
is remarkably negligible especially in networks with good
connectivity.

B. Maximum likelihood estimate of the covariance matrix

Consider the decentralized estimation of the inverse of a
covariance matrix, which is an instance of (P), with

fi(X) = —n(log(det(X))) — trace(XY;),

and 7(X) = 6c(X), where C = {X € ST, 1 al < X =
bI}, fqr some 0 < a < b, and Y; = %Z?:l y;(y;)T
for {y;} being the set of local samples at agent i’s site,
drawn by a Gaussian distribution with covariance matrix
¥ € SY,. Here we take n = 100 and d = 5. Notice
that this is a problem where the loss function f is only
locally smooth. Hence, SONATA and PG-EXTRA do not
have theoretical convergence guarantees. We manually fine-
tune their stepsizes for the best stable convergence behavior.

Figure 2 plots the optimality gap (1/m) >0, u(z;) —u*
versus the number of iterations, achieved by all the algori-
htms, where u is the objective function in (P) and u* is its
minimal value calculated by centralized proximal gradient
method with linesearch, within the tolerance of 10739, The
figures clearly illustrate that both proposed methods con-
sistently outperform SONATA and PG-EXTRA, which re-
quire conservative stepsize selections to ensure stable global
convergence. Additionally, our methods surpass adaPDM in
both considered variants. Notice that the iterates generated
by Algorithm 3 remain bounded, due to the compactness
enforced by r(X).
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